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Abstract
A quantum-Fisher-optimal measurement may resolve expo-
nentially many eigenvectors even when its information-
bearing score needs only a small outcome alphabet.
We quantify this separation. For any partition of the
symmetric-logarithmic-derivative (SLD) spectrum, the lost
quantum Fisher information is the state-weighted within-
bin score variance. We derive a sharp δ2/4 resolution law,
a dimension-free tail theorem, and a Wasserstein-controlled
dense-spectrum crossover. In a frustrated four-spin sen-
sor, the best product measurement found by the archived
heuristic search retains 48.55% of FQ, while eight globally
optimized contiguous score bins retain 99.26%. For coher-
ent compilation, we separate an approximate SLD block
encoding from the implemented label circuit and prove an
operational interface: a uniform score-intertwining defect
controls both the actual POVM’s Fisher loss and the recon-
structed signal operator. A full-support embedding then
establishes BQP-hardness for coherent compilers satisfying
this interface at inverse-polynomial accuracy; achieving
the interface with the quoted primitive cost remains con-
ditional on the underlying spectral-processing guarantee.
A parity-coherence sensor has constant conditioning, ex-
tensive FQ, and only n + 1 scores. The results form a
rigorous readout, certification, and compilation toolkit
without asserting an end-to-end laboratory advantage.

1 Introduction
The quantum Fisher information (QFI) is usually presented
as a scalar optimum over measurements. A metrological
device needs more: it must realize a measurement that
extracts that information from new state copies. For a
one-parameter model, the canonical optimum is the spec-
tral measurement of the symmetric logarithmic derivative
(SLD) [1, 2, 3, 4, 5]. On an n-qubit mixed state, that ob-
servable can be dense and can have 2n eigenvectors. This
creates two separate questions: how many distinct scores
must a detector resolve, and how hard is it to compile the
projectors carrying those scores?

This paper leads with the first question. The outcome
of an SLD measurement is useful only through its local
score, so degeneracies and nearby scores should be com-

pressible. We identify coarse SLD readout with scalar
quantization of the state-weighted score spectrum and de-
rive sharp detector guarantees: a tight finite-resolution
coefficient, a dimension-free tail construction, Wasserstein
stability from finite spectra to a dense-spectrum limit,
and the exact finite-support crossover. The foundational
conditional-variance identity has a broader contemporane-
ous antecedent in task-dependent syndrome compression;
Sec. 10 gives the precise priority boundary. The results
claimed here begin with the sharp lossy detector bounds
and their integration with physical measurement synthesis.

The second question has direct-search and coherent-
algorithmic forms. In the direct branch, one may search
over a declared family of experimentally realizable projec-
tive measurements. We derive an exact completion-of-the-
square certificate for the resulting Fisher loss and then
invoke the general benign projective-landscape theorem of
Ref. [6]: projective local maxima and second-order station-
ary points are globally optimal, while every nonglobal crit-
ical point has an explicit two-vector escape. This exact ge-
ometry does not by itself supply a dimension-independent
convergence rate or robustness to ansatz restriction and
sampling noise. At the coherent layer, one may solve
the SLD Lyapunov equation in block-encoded form and
process an approximate score operator. We formulate a
uniform score-intertwining interface between that matrix
approximation and the actual implemented label POVM.
The common object is the score operator L, and the exact
Fisher-loss identity connects both regimes.

The computational setting is motivated by a current
tension in quantum algorithms. Structure that removes
barren plateaus can also expose efficient classical sim-
ulation, whereas an abstract BQP-hard primitive can
lose that status after physical restrictions are imposed
[7, 8, 9, 10, 11, 12, 13]. Here the restrictions are stringent:
positivity, trace normalization, faithfulness, controlled con-
ditioning, finite spectral resolution, and a uniform coherent
output contract. We embed positive quantum linear sys-
tems into an SLD with full spectral support; the QLS
information occupies eigenvectors throughout the score
spectrum. The marginal score histogram is independent of
the linear-system right-hand side, while coherent signal re-
construction recovers it. The synthesis task satisfying the
declared interface remains BQP-hard. Section 2 separates
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this coherent output problem from ordinary sampling on
the sensor state.

Quantum metrology supplies the physical context. The
QFI governs local sensing, interferometry, spectroscopy,
and many-body metrology [14, 15, 16, 17, 18, 19, 20, 21].
QFI estimation, randomized measurements, shadows,
Krylov hierarchies, incomplete-data witnesses, and varia-
tional protocols address the value problem without gen-
erally compiling its optimal measurement [22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32]. Structured SLD constructions
exploit exponential families, anticommutator closure, ten-
sor networks, Gaussianity, master equations, or symmetry
[33, 34, 35, 36, 37, 38, 39, 40, 41]. Coarse detectors can pre-
serve quantum enhancement in specific experiments [42];
the theorems below give a model-independent score-space
account of that phenomenon.

The coherent linear-algebra primitive is a Sylvester equa-
tion. Classical Sylvester and Lyapunov solvers are mature
[43, 44]. Somma, Low, Berry, and Babbush (SLBB) con-
struct a block encoding of the solution of AX + XB = C
and show that the general primitive can encode BQP-
complete computation [45]. Block encoding differs from
the ℓ2 sample-and-query access used by quantum-inspired
low-rank algorithms [46, 47, 48, 49]. We make that access-
model distinction explicit and identify which special in-
stances remain dequantizable.

1.1 Notation and result map
At a fixed SLD-regular operating point, write ρ for the
state and ρ̇ for its derivative. Let L be the canonical SLD,

ρL + Lρ = 2ρ̇, FQ := Tr(ρL2). (1)

For a rank-one PVM P = (Pj) with occupied outcome
probabilities

qj := Tr(ρPj), rj := Tr(ρ̇Pj), (2)

define

ℓj := rj/qj , J(P ) :=
∑

j:qj>0

r2
j

qj
, LP :=

∑
j:qj>0

ℓjPj . (3)

The state-weighted SLD score measure is

νρ,L(Ω) := Tr[ρ 1Ω(L)]. (4)

For a spectral partition I = (Ib)b, JI denotes the Fisher
information of Bb = 1Ib

(L). We write Jδ when every
occupied bin has diameter at most δ, and J⋆

K for the best
contiguous partition with at most K bins. The optimal
scalar squared-error distortion of a probability measure ν
is

DK(ν) := inf
|C|≤K

∫
dist(λ, C)2 ν(dλ). (5)

When µI ⪯ S ⪯ ΛI, κ := Λ/µ. For an SLD with no zero
score, define its zero-score margin

g0(L) := min{|λ| : λ ∈ spec(L)}. (6)

This is the distance of the score spectrum from zero, not the
minimum spacing between distinct scores. The coherent
input model supplies block encodings of a common scaling
S = cρ and D = cρ̇; it does not assume classical sample-
and-query access to their entries.

Our contributions are:

R1 Sharp few-outcome readout. We use the exact
score-projection identity

FQ − JI =
∑

b

qb Var(λ | Ib) (7)

to prove the sharp arbitrary-bin bound

FQ − JI ≤ 1
4

∑
b

qb diam(Ib)2, FQ − Jδ ≤ δ2

4 , (8)

and the dimension-free tail construction

FQ − JK+2 ≤ TR + R2

K2 , TR :=
∫

|λ|>R

λ2νρ,L(dλ).

(9)
We further prove Wasserstein stability and a dense-
spectrum high-rate window with the exact finite-
atomic crossover. These are the main readout results.

R2 Projective-search certificate. We derive inline the
exact residual identity

FQ − J(P ) = Tr[ρ(LP − L)2]. (10)

The companion Landscape theorem [6] then supplies
the nonconvex geometry: every projective local max-
imum and second-order stationary point is globally
POVM-optimal, and every nonglobal critical PVM has
an explicit pair-rotation escape. Equation (10) is an ex-
act stopping certificate for experimental or variational
search.

R3 Operational compiler interface and full-support
hardness. We separate the Hermitian matrix ap-
proximation from the actual label circuit. A uniform
score-intertwining defect bounds both the implemented
POVM’s Fisher loss and the reconstructed signal op-
erator. A faithful, trace-normalized embedding with
full score support, polynomial conditioning, an inverse-
polynomial zero-score margin, and inverse-polynomial
QFI proves BQP-hardness for coherent compilers sat-
isfying this interface at inverse-polynomial accuracy.
The hard information resides in the SLD eigenvec-
tors; the marginal score histogram is independent of
the encoded right-hand side. Primitive-level quantum-
polynomial implementation cost remains conditional
on certifying the interface.

R4 Promise-compatible sensing and audited numer-
ics. We exhibit an n-qubit parity-coherence sensor
with constant κ = 3, extensive FQ = n/4, and only
n + 1 exact SLD scores. For Gibbs access we prove
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the rescaling-invariant obstruction κ = eβ∆En and re-
port a finite-size shrinking-temperature study through
ten spins without promoting its leading-order sample
scaling to a theorem. In a frustrated four-spin bench-
mark, the best product PVM found by the archived
heuristic search retains 48.55% of FQ, whereas glob-
ally optimized contiguous seven- and eight-bin score
readouts retain 98.34% and 99.26%. Deterministic
executable gates validate the archived identities and
finite-dimensional reductions.

Result R1 applies to faithful, pure, and rank-deficient
models at SLD-regular operating points and requires no
condition-number promise. Faithfulness is needed only
for the smooth global projective-landscape theorem, the
conditioned Sylvester bounds, and the present hardness
construction. Section 2 states the exact support condition.

Section 3 proves R1. Section 4 derives Eq. (10) and
imports only the geometric theorems needed for R2. Sec-
tions 5 and 6 give the conditioning diagnostic and coherent
compiler. Section 7 proves R3. Sections 8 and 9 establish
R4. Sections 10 and 11 delimit prior work, dequantization,
and scope.

2 Local metrology, support, and
access models

This section separates the assumptions needed for finite-
outcome readout, projective landscape geometry, and co-
herent compilation. The distinction is important: pure
and rank-deficient probes are covered by Result R1 at regu-
lar operating points, even though a coefficient-conditioned
Sylvester solver necessarily requires a faithful state.

2.1 Canonical SLD and the support-
regularity condition

Let ρθ be a differentiable density-operator family on a
d-dimensional Hilbert space, with d = 2n in an n-qubit
implementation. At the operating point write ρ = ρθ ≥ 0,
ρ̇ = ∂θρθ, and let

Π0 := 1{0}(ρ) (11)
project onto the kernel of ρ. We call the operating point
SLD regular when

Π0ρ̇Π0 = 0. (12)

In finite dimension, Eq. (12) is necessary and sufficient
for a bounded Hermitian solution of the global Lyapunov
equation ρL + Lρ = 2ρ̇. It holds automatically for a two-
sided differentiable path through the positive cone: every
quadratic form supported in ker ρ has a local minimum at
the operating point. It includes ordinary pure-state and
fixed-rank models. It can fail at one-sided rank-changing
boundaries, where the SLD may become unbounded and
the pointwise QFI requires a limiting treatment [50, 51,
52, 53].

In an eigenbasis ρ =
∑

i pi|i⟩⟨i|, the canonical bounded
SLD at an SLD-regular point is

L = 2
∑

i,j:pi+pj>0

⟨i|ρ̇|j⟩
pi + pj

|i⟩⟨j|, (13)

with its arbitrary joint-kernel action fixed to zero. It obeys
the operator identity

ρL + Lρ = 2ρ̇ (14)

on the full Hilbert space, and the SLD QFI is

FQ = Tr(ρL2) = Tr(ρ̇L) < ∞. (15)

For example, a differentiable pure-state path obeys
Eq. (12), has L = 2ρ̇ on the relevant two-dimensional
tangent support, and is covered by the readout results
below. By contrast, ρθ = (1 − θ)|0⟩⟨0| + θ|1⟩⟨1| at the
one-sided endpoint θ = 0 violates Eq. (12) and lies outside
the pointwise theorem.

A rank-one PVM P = (Pj) gives

qj = Tr(ρPj), rj = Tr(ρ̇Pj). (16)

Only occupied outcomes contribute, and the omission of
zero-probability outcomes is exact rather than conventional.
Indeed, for a rank-one outcome Pj = |j⟩⟨j|, positivity gives

qj = 0 =⇒ |j⟩ ∈ ker ρ. (17)

SLD regularity then implies

rj = ⟨j|ρ̇|j⟩ = ⟨j|Π0ρ̇Π0|j⟩ = 0. (18)

Thus

ℓj = rj

qj
, J(P ) =

∑
j:qj>0

r2
j

qj
, LP =

∑
j:qj>0

ℓjPj ,

(19)
with no information discarded by the restricted sums. The
Braunstein–Caves inequality is J(P ) ≤ FQ, with equality
for a sufficiently refined SLD eigenbasis [3, 4].

For a spectral partition (Ib)b of L, let

Bb = 1Ib
(L),

∑
b

Bb = I. (20)

The state-weighted measure νρ,L assigns zero mass to ar-
bitrary kernel components of L, so all score-compression
statements are independent of the joint-kernel convention.
Result R1 therefore applies to pure states, GHZ probes,
squeezed states, and low-rank models whenever Eq. (12)
holds.

2.2 Three output notions and an opera-
tional circuit interface

A scalar QFI estimate, a state proportional to a Lyapunov
solution, and a coherent observable are different compu-
tational outputs. The circuit-level object used here is the
parameter-independent isometry

V : H −→ H ⊗ K (21)

3



induced by the actual implemented unitary on initialized
ancillas at the fixed operating point. Let (Py)y be ex-
haustive orthogonal projectors on the output-label space,
including every ordinary, boundary, leakage, and failure
label. The measured operation is the POVM

My = V †PyV,
∑

y

My = I. (22)

Every label has a declared bounded numerical score cy,
collected in

C =
∑

y

cyPy. (23)

For a Hermitian matrix-layer approximation L̃, the opera-
tional error is the uniform score-intertwining defect

ξ = ∥CV − V L̃∥∞. (24)

This contract charges binning, boundary behavior, leak-
age, and failure through their assigned scores. Measuring
the label register implements the actual POVM (My);
it need not equal an exact coarse SLD PVM. Retaining
the label coherently permits spectral transformations and
supplies the output used in the hardness reduction. A
block encoding of L supports qubitization, Hamiltonian
simulation, and coherent filtering; a prepared mixed state
proportional to L alone does not supply those operations
[54, 55, 56, 57, 58, 45].

For local estimation, a preliminary estimator can locate
the operating point using a vanishing sample fraction; the
SLD measurement at that estimate is then applied to the
remaining copies [4, 59, 60]. We study the computational
subroutine at the fixed operating point.

2.3 Where faithfulness enters

The principal claims require different regularity:

• The exact spectral-compression identity and its sharp
consequences require Eq. (12) and finite FQ, but no
lower eigenvalue bound or condition number.

• The smooth global projective-landscape theorem im-
ported from Ref. [6] is currently stated for ρ > 0, so
Result R2 uses faithfulness. Extending its critical-point
classification to probability strata is separate from the
compression theorem.

• The conditioned coherent compiler assumes a strictly
positive lower spectral bound. Its κ-dependent error
bounds become uninformative as µ → 0; they are not
claims about generic pure-state compilation.

These assumptions are carried explicitly through the result
map rather than deferred to the discussion.

2.4 Balanced block-encoding promise
For coherent compilation we therefore assume ρ > 0. Den-
sity matrices have trace one, so their raw eigenvalue scale
can be exponentially small. Use a common physical scaling

S = cρ, D = cρ̇, SL + LS = 2D, (25)

which leaves the SLD invariant.

Assumption 2.1 (Promised input model). The input
provides efficient block encodings of S/Λ and D/(αΛ) such
that

0 < µI ⪯ S ⪯ ΛI, κ = Λ/µ = poly(n),
α = poly(n), (26)

and provides the positive square-root access required by
the accelerated Sylvester routine of Ref. [45]. The matrix
error η = ∥L̃ − L∥∞, score-intertwining defect ξ, and any
controlled-signal error are requested at inverse-polynomial
accuracy. A primitive-level query bound is used only when
the corresponding spectral-processing routine certifies these
uniform quantities.

Assumption 2.1 is stronger than state-copy access but
different from the classical ℓ2 sample-and-query model. A
block encoding is a coherent unitary access mechanism;
it need not reveal entries, row norms, or efficient clas-
sical samples from squared amplitudes. Conversely, for
low-rank matrices stored in sample-query data structures,
quantum-inspired algorithms can dequantize important
linear-algebra outputs [46, 47, 48, 49]. Section 10 states
the corresponding access boundary.

3 Sharp compression of the opti-
mal score readout

This section proves Result R1 at an SLD-regular operating
point satisfying Eq. (12). Its basic variable is not the
number of SLD eigenvectors but the probability measure
of their scores under the state,

L =
∑

a

λaΠa, νρ,L(Ω) = Tr[ρ 1Ω(L)]. (27)

The measure has unit mass and second moment∫
λ2νρ,L(dλ) = FQ. (28)

For a spectral partition I = (Ib)b, define

Bb = 1Ib
(L), qb = Tr(ρBb), ℓ̄b = Tr(ρ̇Bb)

qb
(29)

for occupied bins. Empty bins also vanish exactly: qb = 0
implies Bb ⪯ Π0, hence

Tr(ρ̇Bb) = Tr(Π0ρ̇Π0Bb) = 0 (30)
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Table 1: Objects and scope. Few-outcome readout is support robust; landscape geometry and the coherent compiler
have additional assumptions.

Object Definition Role and assumptions

QFI FQ = Tr(ρL2) Optimal local information value at an SLD-regular
operating point.

Score measure νρ,L(Ω) = Tr[ρ1Ω(L)] Carries all spectral readout information; Result R1
needs no condition number.

Measurement score LP =
∑

qj >0(rj/qj)Pj Gives the exact residual certificate; benign
critical-point geometry currently assumes ρ > 0.

Block encoding of L Top-left block proportional to L Supports coherent spectral processing under
Assumption 2.1.

Implemented score
instrument

V , (Py), C, and ξ = ∥CV − V L̃∥∞ Actual finite-resolution POVM and uniform
complexity-theoretic interface, including failure and
leakage labels.

by Eq. (12). Since Bb commutes with L and 2ρ̇ = ρL+Lρ,
every occupied bin satisfies

ℓ̄b = Tr(ρLBb)
qb

= Eνρ,L
[λ | Ib]. (31)

Thus the optimal representative of a score cell is its condi-
tional mean, while empty cells contribute neither probabil-
ity nor tangent weight.

Theorem 3.1 (Score-projection identity and sharp diam-
eter bound). The Fisher information JI =

∑
b qbℓ̄2

b of the
coarse SLD PVM satisfies

FQ − JI =
∑

b

qb Varνρ,L(·|Ib)(λ) (32)

=
∑

b

Tr[ρBb(L − ℓ̄b)2]

≤ 1
4

∑
b

qb diam(Ib)2. (33)

The factor 1/4 is sharp.

Proof. Equation (28) and the conditional-mean identity
(31) give the law of total variance. Popoviciu’s inequality
bounds a variance supported on an interval of diameter ∆b

by ∆2
b/4, with equality for equal mass at the endpoints.

Corollary 3.2 (Tight finite resolution). If every occupied
score bin has diameter at most δ, then

0 ≤ FQ − Jδ ≤ δ2

4 . (34)

If the occupied score spectrum has width W , K equal-width
bins obey

FQ − JK ≤ W 2

4K2 . (35)

Both statements hold for faithful, pure, and rank-deficient
states at SLD-regular operating points.

The next theorem avoids the full spectral width. Let

TR :=
∫

|λ|>R

λ2νρ,L(dλ). (36)

Theorem 3.3 (Tail-adaptive score compression). For ev-
ery R > 0 and integer K ≥ 1, a spectral PVM with at most
K + 2 outcomes satisfies

FQ − JK+2 ≤ TR + R2

K2 . (37)

If TR < ϵFQ, then K ≥ R/
√

ϵFQ − TR central cells plus
two tail cells retain at least (1 − ϵ)FQ.

Proof. Partition [−R, R] into K intervals of width 2R/K
and use one bin for each tail. Corollary 3.2 bounds the
central loss by R2/K2. Each tail conditional variance is
no larger than its unconditional second moment.

The theorem is dimension free. It controls output al-
phabet and phase precision, not the circuit complexity of
realizing the global projectors. Section 10 places the projec-
tion identity and the classical bounded-variance coefficient
relative to prior work. We claim the support-aware SLD
detector corollary, tail construction, and their integration
with the compiler workflow, not priority for conditional
variance or Popoviciu’s constant.

3.1 Optimal quantization and the finite-
support crossover

For a probability measure ν with finite second moment,
define

DK(ν) = inf
|C|≤K

∫
dist(λ, C)2ν(dλ). (38)

Every scalar optimum obeys the Max–Lloyd centroid and
nearest-neighbor conditions, but those stationary condi-
tions are not sufficient for global optimality [61, 62, 63, 64].
In the present problem,

FQ − J⋆
K = DK(νρ,L). (39)

At fixed finite dimension, the score measure has support
size m ≤ d, so

DK(νρ,L) = 0 (K ≥ m). (40)

A continuous-density high-rate law can therefore describe
only a joint dense-spectrum and large-K limit.
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Lemma 3.4 (Wasserstein stability). For probability mea-
sures µ, ν with finite second moments,∣∣∣√DK(µ) −

√
DK(ν)

∣∣∣ ≤ W2(µ, ν). (41)

This constant-one root-distortion inequality is anteceded
by the fixed-grid result of Liu and Pagès [65]; the short
proof is included to fix notation.

Proof. For a codebook C, the distance-to-set function is
1-Lipschitz. Apply Minkowski’s inequality to any coupling
(X, Y ) of µ and ν, then minimize over couplings and code-
books; exchange µ and ν for the reverse inequality.

Corollary 3.5 (Dense-spectrum high-rate window). Let
finite atomic score measures νn have support cardinalities
mn := # supp νn → ∞ and satisfy W2(νn, ν) → 0, where
ν = f(λ)dλ has a compactly supported density continuous
and positive on the interior of its support. If

Kn → ∞, Kn < mn, KnW2(νn, ν) → 0, (42)

then

K2
n

(
F

(n)
Q − J

⋆,(n)
Kn

)
−→ 1

12

(∫
f(λ)1/3dλ

)3
. (43)

For each finite n, the distortion instead becomes exactly
zero at K ≥ mn.

Proof. The rigorous one-dimensional squared-error quanti-
zation theorem of Graf and Luschgy, Theorem 6.2, gives the
limit for DK(ν) and the constant 1/12; Panter–Dite and
Zador provide the historical high-resolution antecedents
[66, 67, 68, 63, 64]. Multiplying Eq. (41) by Kn and using
KnW2(νn, ν) → 0 transfers the square-root distortion to
νn. Squaring and applying Eq. (39) proves the result.

For a finite sorted spectrum, the exact best contiguous
partition is classical one-dimensional dynamic program-
ming. If wa = Tr(ρΠa), the interval cost is

C(i, j) =
j−1∑
a=i

waλ2
a −

(∑j−1
a=i waλa

)2

∑j−1
a=i wa

, (44)

and the Bellman recursion

D(k, j) = min
i<j

{D(k − 1, i) + C(i, j)} (45)

finds the optimum in O(Kd2) time [69, 70]. We use this
established algorithm as an exact numerical oracle. Fig-
ure 1(c,d) tests the tail and sharp-resolution theorems;
Supplemental Fig. S4 tests the intermediate high-rate win-
dow and terminal atomic crossover.

4 Exact Fisher certificate and be-
nign projective search

Result R2 has two logically distinct ingredients. The
exact residual identity is elementary and is proved here.
The nonconvex critical-point geometry is imported from
the companion Landscape paper [6]; none of its general
theorems or proofs is reproduced.

4.1 Three-line residual identity
Proposition 4.1 (Exact Fisher residual for orthogonal
measurements). At every SLD-regular operating point, let
B = (Bb)b be any orthogonal resolution of the identity. For
occupied cells define

qb = Tr(ρBb), rb = Tr(ρ̇Bb), ℓ̄b = rb/qb, (46)

and set

J(B) =
∑

b:qb>0

r2
b

qb
, LB =

∑
b:qb>0

ℓ̄bBb. (47)

Then
FQ − J(B) = Tr[ρ(LB − L)2]. (48)

In particular, a rank-one PVM gives J(B) = J(P ) and
LB = LP .

Proof. Orthogonality gives Tr(ρL2
B) = J(B). Using ρL +

Lρ = 2ρ̇,

Tr[ρ(LB − L)2] = J(B) − Tr[(ρL + Lρ)LB] + FQ

= J(B) − 2 Tr(ρ̇LB) + FQ = FQ − J(B),
(49)

because Tr(ρ̇LB) =
∑

b rbℓ̄b = J(B). Empty cells have
qb = rb = 0 by Eqs. (12) and (30), so the restricted sums
are exact.

For rank-one PVMs, Eq. (48) is the Pythagorean com-
pletion behind the Braunstein–Caves inequality and its
equality conditions [3, 4]. We make no priority claim for
that inequality or projection principle. Its role here is
operational: the measured Fisher deficit is exactly a state-
weighted score residual, which becomes both a stopping
rule and the bridge to the cited nonconvex geometry.

4.2 Dictionary to the companion Land-
scape theorem

For nonzero ε such that

ρε = ρ + ερ̇ > 0, (50)

consider the quadratic divergence generated by h(t) =
(t − 1)2. Every rank-one PVM obeys the exact reduction

Dχ2
(
pP

ρε

∥∥pP
ρ

)
=

∑
j

qj

(
qj + εrj

qj
− 1

)2
= ε2J(P ). (51)
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The projective score variable of Ref. [6] becomes

ΓP = I + εLP , Γ⋆ = I + εL, (52)

and equal likelihood-ratio blocks are exactly equal Fisher-
score blocks.

Invoking the companion score-block and pair-rotation
theorems gives the following metrological specialization.

Corollary 4.2 (Benign Fisher-measurement landscape).
Let ρ > 0 and ρ̇ = ρ̇† with Tr ρ̇ = 0. At a critical rank-one
PVM, write

LP =
m∑

α=1
ℓαBα (53)

with distinct scores. The PVM is globally optimal over all
POVMs if and only if

Bα(ρ̇ − ℓαρ)Bα = 0 for every α. (54)

If this condition fails, some equal-score block contains basis
vectors j ̸= k and a phase-adjusted two-vector rotation
satisfying

d2

dt2 J(P (t))
∣∣∣∣
t=0

= 8 |⟨j|(ρ̇ − ℓαρ)|k⟩|2
(

1
qj

+ 1
qk

)
> 0.

(55)
Consequently every projective local maximum and every
second-order stationary PVM is globally optimal over all
POVMs, and every nonglobal critical PVM has an explicit
strict-ascent pair rotation.

The block residual follows directly from the dictionary,

Bα[ρε − (1 + εℓα)ρ]Bα = εBα(ρ̇ − ℓαρ)Bα. (56)

All global-optimality and escape conclusions in Corol-
lary 4.2 belong to Ref. [6]; the present paper contributes
only the Fisher dictionary and its operational use. In par-
ticular, if a critical PVM has distinct scores, every block
is rank one and the imported condition is automatically
satisfied.

Corollary 4.2 is an exact statement about search on the
physical flag manifold. It excludes bad stationary maxima
but does not provide a dimension-independent convergence
rate, a gradient lower bound away from stationarity, or
robustness to ansatz restriction and sampling noise. The
next section records the conditioned linear score-space
baseline used to interpret the coherent compiler.

5 Conditioning of the SLD score
equation

The SLD is the unique maximizer, for faithful ρ, of the
quadratic potential

Φ(X) = 2 Tr(ρ̇X) − Tr(ρX2), (57)

whose Hilbert–Schmidt gradient is

∇Φ(X) = 2ρ̇ − ρX − Xρ. (58)

Completing the square gives

Φ(L) − Φ(X) = Tr[ρ(X − L)2]. (59)

This section records the classical conditioning baseline.
The iteration below is standard Richardson iteration, not
a new algorithmic result.

Assume
µI ⪯ ρ ⪯ ΛI, κ = Λ/µ. (60)

The Sylvester superoperator Sρ(X) = ρX + Xρ is positive
self-adjoint with spectrum in [2µ, 2Λ].

Proposition 5.1 (Exact score conditioning). For every
Hermitian X,

µ∥X − L∥2
2 ≤ Φ(L) − Φ(X) ≤ Λ∥X − L∥2

2, (61)
4µ[Φ(L) − Φ(X)] ≤ ∥∇Φ(X)∥2

2 ≤ 4Λ[Φ(L) − Φ(X)].
(62)

Corollary 5.2 (Richardson/Jacobi baseline). The update

Xm+1 = Xm + 2ρ̇ − ρXm − Xmρ

µ + Λ (63)

obeys

∥Xm − L∥2 ≤ rm∥X0 − L∥2,

Φ(L) − Φ(Xm) ≤ r2m[Φ(L) − Φ(X0)], r = κ − 1
κ + 1 .

(64)

Proof. In an eigenbasis of ρ, each error mode is multiplied
by

1 − λi + λj

µ + Λ . (65)

Since λi + λj ∈ [2µ, 2Λ], the maximum magnitude is
(κ − 1)/(κ + 1). Equations (61) and (62) follow from
the same diagonalization; Appendix A gives the full mode
calculation.

The continuous flow

Ẋt = 2ρ̇ − ρXt − Xtρ (66)

satisfies dΦ(Xt)/dt = ∥∇Φ(Xt)∥2
2 and, for X0 = 0,

Xt = 2
∫ t

0
e−sρρ̇e−sρds −→ L. (67)

Storing this dense iterate costs O(d2) classical memory. Its
purpose here is to expose the condition number shared by
classical and quantum Sylvester methods.

The metrological connection is exact. For a physical
measurement score,

Φ(L) − Φ(LP ) = FQ − J(P ) (68)

by Proposition 4.1. Thus an operator-space error estimate
becomes a Fisher-information guarantee without an extra
Lipschitz relaxation. The coherent compiler uses a different
solver but targets the same fixed point.
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6 Coherent SLD interface and er-
ror budget

This section separates the matrix layer from the imple-
mented measurement layer. Established quantum linear-
matrix methods provide an approximate block encoding of
the SLD under the promised access model [45]. Spectral-
processing primitives can then be used to build a label
circuit [54, 55, 56, 57]. Sheng’s contemporaneous record-
compression theorem already identifies a state-weighted
Stinespring score-intertwining defect whose square is the
exact QFI loss [71]. We claim no priority for that foun-
dational identity. The contribution here is to impose a
uniform operator-norm version as a delivered compiler in-
terface, separate matrix and implementation errors, allow
declared-score mismatch on exhaustive failure and leakage
labels, transport the same interface into reconstructed-
signal error, and compose it with the SLD and hardness
constructions. The quoted primitive cost remains condi-
tional on certifying that uniform interface.

6.1 From a Sylvester solution to a declared
interface

Under the common scaling S = cρ and D = cρ̇,

SL + LS = 2D. (69)

Normalize it as
S

2ΛL + L
S

2Λ = D

Λ . (70)

The coefficient spectrum lies in [1/(2κ), 1/2]. Under As-
sumption 2.1, SLBB constructs a block encoding of an
approximation L̃/x with

x = Õ(ακ) (71)

and Õ(
√

κ) coefficient-oracle queries in the positive-square-
root access model [45]. Qubitization and phase-estimation
methods resolve scores using O(x/δ) calls at a declared
numerical resolution, subject to the accuracy and failure
guarantees of the chosen primitive [54, 55, 56, 57, 72].
Combining these quoted layers suggests the conditional
scaling

Qmatrix+spectral = Õ

(
ακ3/2

δ

)
. (72)

Equation (72) is a primitive-layer query expression. It is an
end-to-end compiler bound only when the implementation
supplies the uniform contract below at the requested cost.
Promised block encodings and all normalizations must also
have polynomial-resource constructions for the dependence
to be polynomial in the qubit count.

Algorithm 6.1 (Operational SLD compiler contract). In-
put: Block encodings satisfying Assumption 2.1; a matrix
tolerance η; exhaustive label projectors (Py)y; bounded de-
clared scores (cy)y; and a target score-intertwining defect
ξ.

1. Normalize the SLD equation as in Eq. (70) and con-
struct a Hermitian approximation L̃ satisfying

∥L̃ − L∥∞ ≤ η. (73)

2. Apply a parameter-independent coherent spectral rou-
tine to obtain the actual initialized isometry V . Include
ordinary, boundary, leakage, and failure labels in the
exhaustive family (Py)y.

3. Define C =
∑

y cyPy and certify the uniform output
contract

∥CV − V L̃∥∞ ≤ ξ. (74)

4. Output the implemented POVM My = V †PyV together
with C, η, ξ, and the evidence supporting Eqs. (73)–
(74).

The contract in Eq. (74) is stable under bin-boundary
relabeling when every assigned score remains close to the
represented eigenvalue. A failure-probability statement
alone does not imply it: the failure branch needs a declared
score, and the error must be uniform over inputs for the
later hardness reduction.

6.2 Exact approximate-operator PVM
Suppose Eq. (73) holds and the exact spectrum of L̃ is
grouped into bins of width at most δ.

Theorem 6.2 (Exact approximate-operator PVM loss).
If µI ⪯ ρ ⪯ ΛI and κ = Λ/µ, the exact coarse spectral
PVM of L̃ satisfies

FQ − J
δ,L̃

≤ min
{

(κ + 1)2η2 + (δ + 2κη)2

4 ,

[
δ + (κ + 1)η

]2
}

. (75)

At η = 0 this is the sharp δ2/4 law; at δ = 0 the second
branch gives (κ + 1)2η2.

Proof. For a L̃ eigenvector |j⟩ with eigenvalue λ̃j , the SLD
equation gives

ℓj − λ̃j = ⟨j|[ρ(L − L̃) + (L − L̃)ρ]|j⟩
2qj

, (76)

so |ℓj − λ̃j | ≤ κη. Therefore the refined score opera-
tor obeys ∥LP − L∥∞ ≤ (κ + 1)η, and Proposition 4.1
gives FQ − J(P ) ≤ (κ + 1)2η2. Within one approximate
bin, the exact scores have range at most δ + 2κη; Theo-
rem 3.1 bounds the additional merging loss, proving the
first branch.

For the second branch, the coarse score operator LB =∑
b ℓ̄bBb satisfies ∥LB − L∥∞ ≤ δ + (κ + 1)η. Applying

Proposition 4.1 directly gives the second branch.
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Theorem 6.2 concerns exact spectral projectors of L̃.
The implemented circuit is governed separately by the
following result.

Equation (78) below is the declared-score form of the
Stinespring QFI-loss identity in Ref. [71]; our norm bound
is its direct uniform corollary after separating η from ξ.

Theorem 6.3 (Implemented score-interface loss). Let
V , (Py)y, C, and ξ satisfy the operational contract of
Algorithm 6.1. For the actual POVM My = V †PyV ,

FQ − J(M) ≤ (η + ξ)2. (77)

Proof. For every occupied label define qy = Tr(ρMy), ry =
Tr(ρ̇My), and ℓy = ry/qy. Put G = CV − V L. Expanding
G†G and using 2ρ̇ = ρL + Lρ gives the exact identity

Tr(ρG†G) = FQ − J(M) +
∑

y:qy>0
qy(cy − ℓy)2. (78)

The sum is nonnegative. Moreover,

∥G∥∞ ≤ ∥CV − V L̃∥∞ + ∥V (L̃ − L)∥∞ ≤ ξ + η. (79)

Since V is an isometry and Tr ρ = 1, Eq. (77) follows.

Corollary 6.4 (Reconstructed signal operator). Suppose
a controlled signal gadget has declared scale s > 0 and
actual top-left label block K satisfying

∥K − sC∥∞ ≤ χ. (80)

Conjugating by the same actual implemented circuit and
its inverse gives the initialized-ancilla signal block V †KV .
The reconstructed operator

Lc = V †KV

s
(81)

satisfies
∥Lc − L∥∞ ≤ η + ξ + χ

s
. (82)

Theorem 6.3 and Corollary 6.4 provide the operational
bridge needed by the measurement and hardness state-
ments. They certify consequences of a delivered interface.
Establishing Eq. (74) from a particular finite-precision
primitive, including its worst-case failure and score-range
bounds, is a separate implementation obligation.

7 BQP-hard compilation with full
SLD support

SLBB already showed that unrestricted quantum Sylvester
equations can encode BQP-complete computation [45].
Result R3 asks a narrower question: do trace normaliza-
tion, positivity, faithfulness, polynomial conditioning, fi-
nite score resolution, and nonnegligible metrological weight
make coherent SLD synthesis easier? The following em-
bedding shows that they do not.

7.1 Coherent synthesis task
The input is a faithful differentiable state family satisfying
Assumption 2.1. The output is the operational score inter-
face of Eqs. (21)–(24): a parameter-independent initialized
isometry V , exhaustive label projectors, a bounded score
operator C, and a uniform defect ξ. A declared controlled
signal gadget then yields the reconstructed operator of
Corollary 6.4. The hardness task requires

η + ξ + χ/s ≤ ϵQLS

4κ
(83)

for an inverse-polynomial requested ϵQLS. This coherent
action on chosen inputs is a stronger output than drawing
a classical outcome from the sensor state. Exact inversion
of the actual circuit reconstructs its own signal block;
Corollary 6.4 supplies the additional proximity to L.

Positive quantum linear systems remain BQP-hard under
block-encoding access [73, 74]. Let A > 0 have spectrum in
[1/κA, 1], abbreviate κA by κ within the embedding, let |b⟩
be normalized, and let Ub be an efficient state-preparation
unitary with Ub|0⟩ = |b⟩. Set

a = 1
2κ

, γ = a

2 . (84)

On H1 ⊕ H2, define

S =
(

A − aI 0
0 aI

)
, (85)

T = γ

(
0 Ub

U†
b 0

)
, (86)

ρθ = S + θT

Z
, Z = Tr S = Tr A. (87)

Lemma 7.1 (Faithfulness and conditioning). For every
|θ| ≤ 1, ρθ is trace one and faithful. Moreover,

aI ⪯ S ⪯ (1 − a)I, κ(ρ0) ≤ 2κ − 1. (88)

Proof. The first block A − aI has spectrum in [a, 1 − a]
and the second equals aI, so S ⪰ aI. The off-diagonal
unitary block has norm one, hence ∥T∥ = γ = a/2. Weyl’s
inequality gives, for every |θ| ≤ 1,

S + θT ⪰ (a − |θ|γ)I = a

(
1 − |θ|

2

)
I ⪰ a

2 I > 0. (89)

Also Tr T = 0, proving trace normalization and faithful-
ness. The lower bound a/2 is the positivity margin tested
numerically in Eq. (111).

At θ = 0, normalization cancels from the SLD equation.
Its unique solution is

L =
(

0 aA−1Ub

aU†
b A−1 0

)
, (90)

because the upper-right block X satisfies

(A − aI)X + XaI = AX = aUb. (91)
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The singular values of X are a/λi(A), so

spec(L) =
{

± a

λi(A)

}N

i=1
, a ≤ |λ(L)| ≤ 1

2 . (92)

The SLD has no zero sector: its nonzero spectral weight
under ρ0 is exactly one. Its zero-score margin is therefore

g0(L) = min
λ∈spec(L)

|λ| = a

λmax(A) ≥ a = 1
2κ

. (93)

No lower bound on the spacing between two distinct
nonzero scores is asserted or needed.

The QFI is inverse polynomial:

FQ = a2 Tr(A−1)
Tr A

,
1

4κ2 ≤ FQ ≤ 1
4 . (94)

The formula follows by multiplying S with L2; the bounds
use 1/κ ≤ A ≤ I.

The scaled lower bounds have a simple tightness charac-
terization. Cauchy–Schwarz gives

4κ2FQ = Tr(A−1)
Tr A

≥ N2

(Tr A)2 ≥ 1, (95)

with equality only at A = I; similarly, κ2papp =
∥A−1b∥2 ≥ 1. Near-identity matrices are therefore the
appropriate numerical probes of both lower bounds.

Theorem 7.2 (Full-support faithful-model hardness). Co-
herent SLD score-interface synthesis satisfying Eq. (83) is
BQP-hard even for one-parameter density-operator models
that

(i) are trace one and faithful for every |θ| ≤ 1;

(ii) satisfy κ(ρ0) ≤ 2κ − 1;

(iii) have full SLD support with zero-score margin g0(L) ≥
1/(2κ); and

(iv) have FQ ≥ 1/(4κ2).

The algebraic reduction and requested accuracy are poly-
nomially conditioned. Quantum-polynomial-time member-
ship through Algorithm 6.1 is conditional on a spectral-
processing primitive that certifies the uniform interface at
its quoted cost.

Proof. Let V be the actual initialized isometry and let
C contain the declared scores of every label. Scores
are clipped to [−1/2, 1/2], with the clipping contribution
charged in ξ, so a label-controlled signal gadget can have
top-left block K satisfying ∥K − 2C∥∞ ≤ χ. Conjugation
by the same implemented circuit and its inverse gives the
exact initialized-ancilla signal block V †KV . Define

Lc = 1
2V †KV, τ = ∥Lc − L∥∞ ≤ η + ξ + χ

2 . (96)

Postselecting the signal ancilla applies 2Lc to the chosen
input. The exact operator obeys

L|2, 0⟩ = a|1⟩ A−1Ub|0⟩ = a|1⟩ A−1|b⟩. (97)

The exact signal success probability is

papp = 4a2∥A−1b∥2 ≥ 1
κ2 , (98)

and the implemented success probability is bounded by

pimpl
app ≥ (1/κ − 2τ)2. (99)

For τ < 1/(2κ) the output is nonzero, and the normalized
vector error is at most 4κτ . Equation (83) therefore gives
error at most ϵQLS and, for ϵQLS ≤ 1, leaves success at
least 1/(4κ2). Amplitude amplification remains polyno-
mial. Positive QLS is BQP-hard, and the block encodings
of S, T plus square-root access are constructed with poly-
nomial overhead from those of A and Ub; Appendix D gives
the full access reduction. This proves BQP-hardness for
the declared coherent score-interface task. The primitive-
to-interface implementation cost remains the conditional
boundary identified in Sec. 6.

If the positive instance is obtained from a Hermitian
QLS matrix H of condition number κH by the normal-
equations reduction A = H2, then κA ≤ κ2

H . In the
original parameter, the embedding therefore guarantees

κ(ρ0) ≤ 2κ2
H − 1, g0(L) ≥ 1

2κ2
H

,

FQ ≥ 1
4κ4

H

, papp ≥ 1
κ4

H

. (100)

The theorem’s novelty is the survival of hardness un-
der the listed metrological restrictions, not the general
hardness of the Sylvester primitive. The full-support con-
struction also removes the earlier objection that the QLS-
bearing sector was exponentially rare.

7.2 Scope of the hardness statement
The hardness concerns the compiled coherent map on cho-
sen inputs. It does not prove that ordinary SLD-outcome
samples from ρ0 are BQP-hard. If A|vi⟩ = λi|vi⟩, the SLD
eigenvectors are

|±, i⟩ = |1, vi⟩ ± |2, U†
b vi⟩√

2
, (101)

and their sensor-state probabilities are

Tr(ρ0|±, i⟩⟨±, i|) = λi

2 Tr A
. (102)

These statistics have full support but do not depend on the
right-hand side |b⟩. This is a positive separation of output
notions: the entire marginal score histogram is classically
insensitive to the encoded QLS right-hand side, while the
SLD eigenvectors retain it coherently. The quantum advan-
tage in the reduction is therefore not finer classical score
resolution; it is access to the coherent spectral instrument
and its action on selected inputs. Result R3 is stated at
exactly that level.
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8 Numerical validation
This section reports deterministic audits of Results R1–
R4. The calculations test identities, constants, promise
constructions, and finite-dimensional resource ledgers;
they are not substitutes for the asymptotic reductions.
Dense random-state linear algebra supplies reference val-
ues through d = 64, an exactly solvable dense-spectrum
sequence reaches d = 256, and the parity-coherence fam-
ily is evaluated analytically through n = 128. All panels
and tables are regenerated from archived machine-readable
data with master seed 20260818. Appendix E specifies the
ensembles and thresholds.

8.1 Projective geometry and the exact
residual

The three-level instance

ρ = I/3, ρ̇ =

0.1 0.2 0
0.2 0.1 0
0 0 −0.2

 (103)

has computational-basis scores (0.3, 0.3, −0.6). The equal-
score block has off-diagonal residual 0.2, J = 0.18, and
FQ = 0.42. The pair-rotation formula imported in Re-
sult R2 predicts

8(0.2)2(3 + 3) = 1.92, (104)

while a central finite difference gives 1.9199997; a transverse
inter-block rotation has curvature −1.0800005. Figure 1(a)
therefore resolves a genuine nonglobal saddle.

For 600 PVMs in d = 16 with κ(ρ) = 8, we compared
the two sides of

FQ − J(P ) = Tr[ρ(LP − L)2]. (105)

The ensemble combines geodesic perturbations of an SLD
eigenbasis with Haar-random PVMs and spans more than
eight decades of suboptimality. Figure 1(b) shows the
identity line above the points; the maximum absolute
discrepancy is 8.59 × 10−18.

8.2 Score compression
We evaluated the exact contiguous Lloyd–Max quan-
tizer of Eq. (45) on 20 independent models for each
d ∈ {8, 16, 32, 64}. Figure 1(c) compares the exact bin
count retaining 99% of FQ with the constructive count
obtained from Theorem 3.3 using each instance’s measured
TR. The exact medians are 7, 10, 12, 14 bins; the theorem
guarantees 25.5, 28, 30, 31.5. Over this tested range only,

K⋆
99 = 7.3 + 2.3 log2(d/8), R2 = 0.989,

Ktail
99 = 25.8 + 2.0 log2(d/8), R2 = 0.988. (106)

This is a finite-range trend, not an asymptotic sublinear-
in-d claim.

The tail theorem was tested constructively on the four-
spin model at β = 0.30. For R ∈ {0.5, 1, 1.5, 2} and
K ∈ {4, 8}, we used exactly the central-uniform-plus-two-
tail partition from its proof. Across all eight tests,

max FQ − JK+2

TR + R2/K2 = 0.323037 < 1. (107)

Supplemental Fig. S3(a) shows the losses against their
instance-specific budgets.

The dense-spectrum gate uses the commuting models

λ
(m)
j = −1 + 2j − 1

m
, j = 1, . . . , m,

ρm = I/m, Lm = diag(λ(m)
j ),

ρ̇m = Lm/m. (108)

For K | m,

DK(νm) = 1
3K2 − 1

3m2 . (109)

Thus K2DK approaches 1/3 in the intermediate window
and Dm = 0 exactly. For m = 64, 128, 256, the maxi-
mum archived intermediate relative deviation is 0.015625,
the exact-formula error is 0, and the terminal loss is 0;
Supplemental Fig. S4(a) displays both regimes.

For 40 random d = 32, κ = 8 models, the SLD spectrum
was binned at 13 requested resolutions. Each record uses
the actual occupied-bin diameter and the sharp budget
δ2/4. The largest observed ratio is

max FQ − Jδ

δ2/4 = 0.366541 < 1. (110)

Figure 1(d) plots loss against theorem budget; points above
the diagonal are forbidden by Result R1.

8.3 Conditioning, full-support hardness,
and scalable sensing

For the standard Richardson diagnostic, we generated
20 random d = 32 models at each κ ∈ {2, 4, 8, 16} and
used the exact step 1/(µ + Λ). At κ = 16, the median
normalized potential gap after 90 iterations is 7.815×10−13;
Supplemental Fig. S1(c) compares the trajectories with
the exact contraction envelope.

The full-support QLS embedding of Result R3 was
tested on 123 positive instances with dimensions 4, 8, 16.
The suite contains interior spectra under the promises
κ = 2, 4, 8, 16, 32 and three non-saturating near-identity
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instances at promised κ = 1.05. Across all instances,

max ∥SL + LS − 2T∥2

∥2T∥2
= 4.494 × 10−15,

max ∥Lnum − Lexact∥2

∥Lexact∥2
= 4.203 × 10−15,

min FQLS > 1 − 10−15,

min κ2papp = 1.047458,

min 4κ2FQ = 1.060359,

min[g0(L)/a] = 1.005487,

min[λmin(S ± T )/a] = 0.500000. (111)

Every tested SLD has full nonzero spectral support. The
near-identity subset brings 4κ2FQ to 1.060359, close to
its AM–HM lower bound. Its zero-score-margin ratio is
1.010101, whereas the closest score-margin ratio over the
full suite, 1.005487, occurs in an interior-spectrum instance.
Replacing |b⟩ by an independent right-hand side at fixed
A changes neither score locations nor sensor-state score
probabilities beyond 3.220×10−15. These are checks of the
closed-form embedding and its promises; BQP-hardness
follows from the reduction, not from sampling.

The promise-compatible parity family in Result R4 was
evaluated through n = 128. It has exactly κ = 3.0, FQ =
n/4, and n+1 scores at every tested size; at n = 128, FQ =
32.0 and the exact score register has 8 bits. Figure 3(d)
displays the extensive-QFI and logarithmic-memory trends.
TABLE II. Selected archived numerical gates. The Sup-
plemental Material reports 12 validation families compris-
ing 34 executable checks; reproduce.py regenerates the
data before validate.py applies the declared thresholds.

Gate Threshold Observed

Exact gap identity < 10−14 8.59 × 10−18

Escape curvature < 10−6 error 2.85 × 10−7

Richardson, κ = 16 < 10−10 7.815 × 10−13

Sharp resolution theorem ratio ≤ 1 0.366541
Tail-adaptive theorem ratio ≤ 1 0.323037
Dense-spectrum window rel. error < 0.02;

Dm = 0
0.015625; exact
zero

Random d = 64, 99% compres-
sion

diagnostic optimum / guaran-
tee: 14/31.5

Full-support Sylvester residual < 10−12 4.494 × 10−15

QLS output fidelity > 1 − 10−12 > 1 − 10−15

Application success κ2papp ≥ 1 1.047458
Inverse-polynomial QFI 4κ2FQ ≥ 1 1.060359
RHS-independent score his-
togram

error < 10−12 3.220 × 10−15

Product-PVM fraction diagnostic 0.4855
Seven/eight score bins > 0.98/0.99 0.9834/0.9926
Parity sensor κ = 3, FQ =

n/4
exact through n =
128

Gibbs condition identity rel. error <
10−12

1.36 × 10−16

Shrinking Gibbs window κc=1 < 20;
0.75 < nFQ <
1.30

17.56; 0.81–1.20

Together with Sec. 9, these gates support the archived
finite-dimensional evidence in Result R4. They validate
identities, constants, approximation budgets, and promise
constructions after regeneration. They do not emulate a
large coherent circuit or convert the four-spin benchmark
into an asymptotic speedup instance.

9 Promise-compatible sensors and
a frustrated thermal benchmark

Result R4 has two complementary physical messages. First,
polynomial conditioning and nondecaying sensitivity coex-
ist in an explicit scalable parity-coherence sensor. Second,
Gibbs access has an exact conditioning obstruction that
must be included in any resource claim. The Gibbs sensitiv-
ity study is finite size, and the four-spin model provides a
nontrivial entangled-readout benchmark with an auditable
data ledger.

9.1 A constant-conditioned extensive-QFI
family

The state family below is unitarily equivalent to the par-
tially polarized one-clean-qubit metrology construction of
Cable, Gu, and Modi, which already establishes the under-
lying parity coherence and extensive ϵ2n-type sensitivity
[75]. We claim no priority for that probe family or scaling.
The purpose here is the compiler-resource specialization:
an explicit SLD, its commuting-generator decomposition,
exact n + 1 score alphabet, constant conditioning, and
balanced-access representation.

Let
Pn = X⊗n, Hn = 1

2

n∑
j=1

Zj , (112)

and, for fixed 0 < ϵ < 1, define the parity-coherence sensor

ρn,θ = e−iθHn
I + ϵPn

2n
eiθHn . (113)

It is a full-rank stabilizer-diagonal state subjected to a
local collective phase rotation.

Proposition 9.1 (Conditioned extensive-QFI sensor). At
θ = 0, the family in Eq. (113) satisfies

κ(ρn,0) = 1 + ϵ

1 − ϵ
, (114)

Ln = −2iϵHnPn = ϵ

n∑
j=1

Yj

∏
k ̸=j

Xk, (115)

F
(n)
Q = ϵ2n. (116)

The n Pauli terms in Ln commute and are independent.
Hence the exact SLD score has only n + 1 distinct values
ϵ(n − 2k) and needs ⌈log2(n + 1)⌉ classical bits, although
its eigenspaces resolve 2n joint stabilizer patterns.

Proof. The eigenvalues of I + ϵPn are 1 ± ϵ, proving
Eq. (114). Since PnHnPn = −Hn, the operator in
Eq. (115) anticommutes with Pn and obeys

(I + ϵPn)Ln + Ln(I + ϵPn) = 2Ln = −2iϵ[Hn, Pn], (117)

which is the scaled SLD equation. The Pauli strings Qj =
Yj

∏
k ̸=j Xk commute pairwise and satisfy Q2

j = I. Their
cross products have zero expectation in (I + ϵPn)/2n, so
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FQ = ϵ2 ∑
j⟨Q2

j ⟩ = ϵ2n. Independence of the commuting
Pauli generators gives all sign patterns; their sums have
the stated n + 1 values.

For the plotted choice ϵ = 1/2, κ = 3 and FQ = n/4.
These conditioning and score-alphabet statements supple-
ment the anteceded one-clean-qubit sensitivity result. The
balanced inputs are especially simple:

Sn = I + ϵPn, Dn = −iϵ[Hn, Pn] = Ln. (118)

Thus Sn has two Pauli terms and Dn, Ln have n commuting
terms. A Clifford stabilizer measurement can read the joint
signs, after which their Hamming weight gives the exact
n + 1-valued score. This family is deliberately classically
structured; it is not a hardness example. Its role is to
refute the possibility that Assumption 2.1 necessarily forces
vanishing QFI or an exponentially large readout alphabet.

9.2 Exact Gibbs conditioning obstruction
For an n-spin Hamiltonian with energy span ∆En =
E

(n)
max − E

(n)
min, define

S
(n)
β = e−β(H(n)−E

(n)
minI). (119)

Proposition 9.2 (Rescaling-invariant Gibbs conditioning).
For every scalar c0 > 0,

κ(c0ρ
(n)
β ) = κ(S(n)

β ) = eβ∆En . (120)

If ∆En ≥ sn and κ ≤ np is required, then

β ≤ p log n

sn
. (121)

Conversely, supn ∆En/n ≤ s+ and βn = c/n imply κ ≤
ecs+ = O(1).

Proof. Positive scalar multiplication does not alter a spec-
tral condition number. The Gibbs eigenvalue ratio is
exactly eβ(Emax−Emin). Taking logarithms proves the re-
maining statements.

The obstruction is a property of the Gibbs state, not
of the chosen balancing scale. For the tested frustrated
chain, ∆E10/10 = 2.866. At n = 10, κ = 5416.7 for
fixed β = 0.30 and κ = 4.66 × 1018 for β = 1.50. The
inverse-temperature axis is therefore also an exponential
compilation-cost axis.

The shrinking window is nonempty but less sensitive.
For the perturbation Vn used below,

Tr V 2
n

2n
= 1.49(n − 1), (122)

so at β = c/n the leading high-temperature behavior is

FQ ≃ β2 Tr V 2
n

2n
= 1.49c2(n − 1)

n2 = O(n−1). (123)

For c = 1, exact diagonalization keeps κ ≤ 17.56 through
ten spins and gives 0.809 ≤ nFQ ≤ 1.202 over n =
4, 6, 8, 10. These finite sizes agree with the leading high-
temperature behavior FQ = O(n−1), which would corre-
spond to a linear copy overhead at fixed target precision.
We do not prove a uniform nonasymptotic lower bound or
an asymptotic sample-complexity theorem for this Gibbs
path. Proposition 9.1 separately shows that constant condi-
tioning and extensive sensitivity coexist in another explicit
sensor family.

9.3 Frustrated four-spin readout bench-
mark

Consider

H0 =
3∑

i=1
(0.9XiXi+1 + 0.6YiYi+1 + 1.1ZiZi+1)

+ 0.35
2∑

i=1
ZiZi+2 + 0.3

4∑
i=1

(−1)i−1Xi

+ 0.12
4∑

i=1
cos(i

√
2)Zi, (124)

V =
3∑

i=1
(XiZi+1 + 0.7ZiXi+1), (125)

with
ρλ = e−β(H0+λV )

Tr e−β(H0+λV ) (λ = 0). (126)

The Fréchet derivative of the exponential and the SLD are
evaluated by exact dense linear algebra.

An arbitrary product PVM is optimized over an inde-
pendent Bloch axis on each spin using scrambled Sobol
starts followed by L-BFGS-B and Powell polishing. At
β = 0.30,

Jprod

FQ
= 0.485497. (127)

This is a strong deterministic product baseline, not a proof
of its global optimum. The exact dynamic program of
Eq. (45) gives

J⋆
7

FQ
= 0.983440,

J⋆
8

FQ
= 0.992641. (128)

The projectors remain entangled; compression reduces
score precision and output alphabet, not the cost of imple-
menting the eigenspaces.

9.4 Partial readout-resource worksheet
At β = 0.30, shift H0 by its ground energy and use

S = e−β(H0−EminI), D = ∂λS − S ∂λ log Z. (129)

Exact four-qubit Pauli expansions contain 136, 135, and
136 terms for S, D, L; κ(S) = 20.27. Under the stated
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unary SELECT/PREPARE and Ross–Selinger synthesis
convention, seven phase bits provide a 128-level register,
while the query convention ⌈2παL/δ⌉ gives 123 controlled
L queries. These choices give the partial readout-side work-
sheet in Table 3 [76, 77, 78]. It excludes state preparation,
full square-root and Sylvester constants, a composed allo-
cation of η, ξ, and signal-gadget error, routing, and error
correction.
TABLE 3. Four-spin partial readout-resource proxy. Counts
exclude state preparation, composed precision allocation, error
correction, routing, and the hidden square-root and Sylvester
implementation constants.

Quantity Value

κ(S) 20.27
Pauli terms (S, D, L) (136, 135, 136)
Eight-bin retained QFI 99.264%
Phase-register bits / controlled queries 7 bits/123
Binary-index logical footprint 22 qubits
Unary-accounting logical footprint 150 qubits
T proxy per L-LCU query 52,920
Readout-stage T proxy 6,509,160
SLBB query proxy 82.4 × CSLBB

At four qubits, direct dense diagonalization and bespoke
unitary synthesis are plainly preferable to this generic
6.51 × 106-gate proxy. The table is an upper-bound audit
of the scalable block-encoding stack, not a small-instance
advantage claim or a surface-code estimate. Its value
is diagnostic: it separates physical conditioning, score
resolution, LCU normalization, and the hidden Sylvester
constant.

The truncation audit reaches a nonzero worst-case exact-
PVM Fisher certificate at 23 direct L terms, 48 coefficient-
tail-certified terms, or 71 terms per physical input after
re-solving the Sylvester equation; 99% certification needs
72, 94, and 114, respectively. The κ-amplified matrix
score error in Theorem 6.2 controls this diagnostic; an
implemented circuit must additionally certify ξ through
Theorem 6.3. Supplemental Fig. S3 archives the curves.

10 Prior work, dequantization,
and novelty boundary

The article connects four literatures that usually optimize
different outputs: metrological value, finite readout, co-
herent matrix functions, and projective search geometry.
Table 4 records the closest comparison.

10.1 Metrology and measurement synthe-
sis

Helstrom, Holevo, Braunstein–Caves, and Barndorff-
Nielsen–Gill establish the SLD, QFI attainability, and
adaptive localization needed for local estimation [1, 2, 3, 4].
Modern reviews and applications cover noisy, many-body,
and multiparameter sensing [15, 16, 5, 17, 20, 21, 80].
Variational, randomized, shadow, Krylov, and incomplete-
data methods estimate or certify FQ without generally
providing the optimizing measurement [22, 23, 24, 25,

26, 27, 28, 29, 30, 31]. Structured SLD constructions re-
main the appropriate competitors for symmetry-restricted,
Gaussian, tensor-network, and master-equation models
[33, 34, 35, 36, 37, 38, 39, 40, 41].

The exact residual identity in Proposition 4.1 is a direct
completion of the square and should be read as an opera-
tional refinement of the standard QFI inequality, not as
the source of the general geometry. The no-bad-maxima
classification and pair escape are results of the compan-
ion Landscape paper [6]; this article supplies the Fisher
dictionary and uses them as an exact projective-search
certificate under the companion hypotheses.

10.2 Compression and quantization
Once νρ,L is identified, optimal coarse SLD readout is a
scalar minimum-mean-square quantization problem. Lloyd–
Max conditions, the Panter–Dite–Zador high-rate law, the
Bellman/Wang–Song dynamic program, and Wasserstein
stability of optimal quantization are established results
[61, 62, 66, 67, 63, 64, 69, 70, 65]. Result R1 applies these
tools to the state-weighted SLD score measure and does not
re-claim the classical quantization results or the underlying
law-of-total-variance projection.

A contemporaneous preprint by Sheng fixes an or-
thogonal classical–quantum record and proves both an
exact operator-valued QFI remainder under parameter-
independent compression and a Stinespring score-
intertwining identity for the lost QFI [71]. Instantiating
its fine blocks with the one-dimensional outcomes of a re-
solved SLD spectral measurement reproduces Eq. (32); its
Stinespring theorem also supplies the foundational identity
behind Eq. (78). We claim no priority for either identity
or the shared projection mechanism. Ref. [71] assumes a
physically available monitored record whose conditional
quantum outputs are retained. The present application
chooses lossy cells of the final SLD spectrum, imposes
a uniform delivered compiler contract, separates matrix
and actual-instrument error, derives reconstructed-signal
control, and composes this interface with the SLD and
full-support hardness constructions. The scoped detec-
tor contribution combines the sharp arbitrary-bin coeffi-
cient and tail-adaptive theorem with an explicit finite-to-
dense/atomic-crossover statement.

10.3 Quantum matrix equations and what
is hard

Classical Sylvester and Lyapunov algorithms are standard
[43, 44]. SLBB construct a quantum block encoding of the
solution and establish general BQP power [45]; qubitization
and phase-estimation methods supply spectral-processing
primitives [54, 55, 56, 57, 72]. Section 6 inserts an op-
erational score-intertwining interface between those ma-
trix/spectral layers and the actual label POVM. Theo-
rem 7.2 shows that hardness survives a full-support, faith-
ful, trace-normalized metrological embedding with con-
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Table 4: Closest prior outputs. “Compiler” means a coherent circuit for the physical SLD spectral instrument, not a
scalar QFI estimate.

Line of work Primary output Generic SLD
compiler

Sharp finite
readout

Projective
geometry

Complexity
statement

Quantum estimation
[3, 4]

QFI value, attainability, adaptive
localization

Existence No Optimality
conditions

No

Landscape
framework [6]

Measured-divergence local-to-global
theorem and pair escape

No circuit No Benign, exact No

QFI estimation
[23, 26, 27, 28]

Scalar estimates, bounds, or
witnesses

No No Ansatz
dependent or no

No

Coarse sensing
[79, 42, 71]

Detector robustness or compressed
classical trajectory memory

Fixed/different
task

Model specific
or exact record
loss

No Memory
separation

Scalar quantization
[62, 63, 70]

Optimal MSE cells, high-rate laws,
exact 1D DP

Classical General MSE
theory

No No

Quantum Sylvester
[45]

Block encoding of a
matrix-equation solution

Not specialized No No General BQP
power

This work Sharp score readout, Fisher
certificate, operational compiler
interface, restricted embedding

Conditional
interface

Sharp + tail
adaptive

Imported
theorem +
Fisher
dictionary

Full-support
BQP-hard
family

trolled conditioning, zero-score margin, and QFI when the
interface is delivered at the stated accuracy. The primitive
cost of certifying that interface is left conditional.

10.4 Dequantization boundary
Quantum-inspired linear-algebra algorithms show that
block-encoded-looking speedups can disappear when the
same data are stored in an ℓ2 sample-and-query structure
and have favorable low-rank or Frobenius-norm parame-
ters [46, 47, 48, 49]. Those algorithms typically assume
efficient entry queries, row-norm queries, and sampling
from squared row or vector amplitudes. Assumption 2.1
instead grants coherent unitaries whose top-left blocks are
S and D; it does not by itself provide the classical samples
or entries required by those frameworks.

The distinction gives no universal anti-dequantization
theorem. Structured instances can admit both access mod-
els, and low-rank promised families should be compared
directly with quantum-inspired solvers. The hard fam-
ily in Sec. 7 is full rank. For bounded-spectrum A of
dimension N , ∥A∥F = Θ(

√
N) generically, so runtimes

polynomial in ∥A∥F are not polylogarithmic in N . The
parity-coherence family of Proposition 9.1 is unitarily re-
lated to the one-clean-qubit metrology probe of Ref. [75];
its probe construction and extensive sensitivity are ante-
ceded. Our use is the explicit SLD, exact score alphabet,
conditioning, and balanced-access accounting. It is effi-
ciently classically describable and Clifford measurable and
carries no speedup claim. The paper therefore separates
three statements: compression can be useful classically,
uniform coherent compilation has a conditional quantum
implementation path under block access, and worst-case
delivery of that coherent interface is BQP-hard unless
standard complexity classes collapse.

10.5 Dated novelty assessment
The literature search was updated through August 20, 2026
using recent metrology and quantum-linear-algebra reviews

as citation hubs. The claims retained after that audit are:
the sharp and tail-adaptive score-compression package with
its Wasserstein dense-spectrum bridge; the Fisher use of
the cited Landscape geometry; the full-support faithful
hardness embedding; and the explicit constant-conditioned
extensive-QFI family. This is a dated search conclusion,
not an absolute priority guarantee.

11 Discussion and outlook
The central object is the SLD score, and the paper distin-
guishes three uses of it. Result R1 asks how much of the
score spectrum a detector must retain. Result R2 concerns
direct search over physical projectors and uses the compan-
ion Landscape theorem as an exact geometric certificate,
without asserting a convergence rate or noise robustness.
Result R3 formulates an operational interface between a
matrix approximation and the actual coherent label cir-
cuit, then studies the worst-case complexity of delivering
that interface. The exact residual identity connects these
regimes while their algorithms remain distinct.

11.1 What score compression buys
A model may have exponentially many SLD eigenvectors
while the score distribution is concentrated enough that
a small alphabet preserves nearly all QFI. Compression
does not make the entangled spectral projectors local. It
reduces phase precision, classical memory, calibration lev-
els, and estimator complexity once the score measurement
is available. The four-spin instance makes the distinction
concrete: product readout retains 48.55%, but eight global
score cells retain 99.26%.

Theorems 3.1 and 3.3 are directly testable without a
quantum-speedup claim. An experiment may estimate the
score distribution, choose Lloyd–Max or constrained bins,
and compare the measured loss with the exact conditional-
variance identity. Corollary 3.5 gives the correct many-
level asymptotic statement: an intermediate quantization
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window can coexist with an exact zero-loss crossover at
the finite support size.

11.2 Access, conditioning, and physical
regimes

The coherent complexity result assumes explicit block
encodings, a uniform score-intertwining contract, and
BQP ≠ BPP. These assumptions define an output prob-
lem with no implied laboratory shortcut. For each sensor
family, an end-to-end comparison must count state prepa-
ration, derivative access, block-encoding normalization,
spectral resolution, circuit-interface certification, and the
best specialized classical algorithm under comparable ac-
cess.

Two examples clarify that boundary. The parity-
coherence sensor has constant conditioning, extensive QFI,
sparse Pauli access, and an exact logarithmic-size score
register; it is scalable and classically structured. The frus-
trated Gibbs sensor has a nontrivial entangled readout gap,
while fixed temperature produces exponential conditioning
for an extensive energy span. Its β = c/n window has
bounded conditioning over the tested finite sizes, with nFQ

remaining of order one through ten spins. The asymptotic
sensitivity and copy complexity of that Gibbs path remain
open. Together the examples show that usefulness and
promised access are compatible, while usefulness alone
does not imply quantum advantage.

Dequantization must be assessed instance by instance.
Block encoding does not automatically supply ℓ2 sample-
and-query access, and the full-rank hardness family does
not have favorable generic Frobenius scaling. Low-rank
or classically sampled models may nevertheless admit
quantum-inspired solvers. Conversely, Theorem 7.2 estab-
lishes only coherent synthesis hardness. In fact, its entire
marginal score histogram is independent of the encoded
right-hand side: the computational content is isolated in
the SLD eigenvectors and their coherent action.

A single natural sensor occupying all three sets—promise-
compatible access, nonvanishing metrological value, and
no matched efficient classical description—remains open.
The parity family occupies the first two sets and is Clif-
ford structured. The hardness family establishes the third
property for coherent synthesis through a computational
embedding. Their narrower intersection is the appropriate
target for a future end-to-end quantum-metrology advan-
tage claim.

11.3 Scope and next theorems
The compression theorem includes pure and rank-deficient
probes at SLD-regular operating points. The smooth pro-
jective landscape and conditioned compiler do not: as the
minimum eigenvalue vanishes, their present κ-dependent
statements lose force. A stratified critical-point theorem
and support-adaptive coherent solver would extend the
geometric and algorithmic branches to canonical pure-state

sensors.
Other immediate directions are:

1. Implementability-constrained quantization. De-
termine the extra Fisher distortion imposed by locality,
bounded depth, detector symmetries, or restricted en-
tangling layers.

2. Finite-sample integration. Combine the compiler
error budget with preliminary localization, estimator
bias, and confidence intervals in a nonasymptotic re-
source theorem.

3. Multiparameter scores. Replace one scalar SLD
by an incompatibility-aware matrix score and quantify
the joint cost of noncommuting readouts.

4. Matched classical baselines. For each physical ac-
cess construction, benchmark tensor-network, Krylov,
sparse-Pauli, and sample-query solvers against the co-
herent compiler.

12 Conclusion
The information-bearing output of an optimal quantum
measurement can be much smaller than its eigenbasis. We
proved sharp and tail-adaptive score-compression bounds,
connected finite atomic models to a dense-spectrum quan-
tization limit, and found 99.26% QFI retention with eight
bins in a sensor whose best archived heuristic product
readout captures less than half. The exact projective
residual provides a stopping certificate, while the cited
Landscape theorem supplies benign search geometry un-
der its declared hypotheses. At the coherent layer, the
score-intertwining theorem gives an operational Fisher-loss
and signal-reconstruction budget for any implementation
that certifies its uniform defect. Full-support synthesis
satisfying that interface remains BQP-hard under restric-
tive metrological promises; the primitive cost of attaining
the interface remains conditional. The parity-coherence
family shows that constant conditioning, extensive sensi-
tivity, and logarithmic score memory can coexist. These
results provide a theory and benchmark toolkit for sepa-
rating inexpensive score resolution from difficult coherent
compilation.
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A Strong concavity, the PL in-
equality, and the Richardson
baseline

This appendix supplies the conditioning statements used
in Sec. 5. The iteration is standard Richardson/Jacobi
applied to the SLD Sylvester superoperator. Its metro-
logical content comes from combining operator-space con-
traction with the exact Fisher residual identity proved in
Proposition 4.1; the nonconvex projective geometry itself
is imported from Ref. [6].

Assume
µI ⪯ ρ ⪯ ΛI, κ = Λ/µ. (130)

Let H = X − L. From Eqs. (59) and (58),

Φ(L) − Φ(X) = Tr(ρH2) = 1
2 ⟨H, Sρ(H)⟩HS, (131)

and
∇Φ(X) = −Sρ(H). (132)

The eigenvalues of Sρ lie in [2µ, 2Λ].

Theorem A.1 (Global PL and smoothness bounds). For
every Hermitian X,

4µ[Φ(L)−Φ(X)] ≤ ∥∇Φ(X)∥2
2 ≤ 4Λ[Φ(L)−Φ(X)]. (133)

The potential is 2µ-strongly concave and 2Λ-smooth in
Hilbert–Schmidt geometry.

Proof. Expand H in an eigenbasis of the positive self-
adjoint superoperator Sρ. Each component with eigenvalue
s ∈ [2µ, 2Λ] contributes s|h|2/2 to the gap and s2|h|2 to
the squared gradient. Their ratio lies in [4µ, 4Λ].

Theorem A.2 (Optimal constant-step Richardson/Jacobi
iteration). Let

Xm+1 = Xm+η(2ρ̇−ρXm−Xmρ), η = 1
µ + Λ . (134)

Then

∥Xm − L∥2 ≤ rm∥X0 − L∥2,

Φ(L) − Φ(Xm) ≤ r2m[Φ(L) − Φ(X0)], r = κ − 1
κ + 1 .

(135)

Proof. The error obeys Hm+1 = (I − ηSρ)Hm. For s ∈
[2µ, 2Λ], the minimax constant step is η = 2/(2µ + 2Λ) =
1/(µ+Λ) and the extremal multiplier is (Λ−µ)/(Λ+µ) = r.
Apply this componentwise to the Hilbert–Schmidt norm
and the weighted quadratic gap.

The continuous flow is

dXt

dt
= 2ρ̇ − ρXt − Xtρ, (136)

with solution from X0 = 0

Xt = 2
∫ t

0
e−sρρ̇e−sρ ds −→ L. (137)

Moreover, dΦ(Xt)/dt = ∥∇Φ(Xt)∥2
2. The exact bridge

FQ − J(P ) = Tr[ρ(LP − L)2] is what turns any such score
approximation into a metrological statement.

B Exact score compression and ap-
proximate score measurements

This appendix proves the detailed forms of Result R1 and
the approximation budget used by the coherent compiler.

B.1 Exact spectral partitions
Let L =

∑
a λaΠa and define the state-weighted spectral

probability measure

νρ,L(Ω) = Tr[ρ 1Ω(L)]. (138)

Partition the spectrum into disjoint intervals Ib and set

Bb = 1Ib
(L), qb = Tr(ρBb), ℓb = Tr(ρ̇Bb)

qb
.

(139)
Because [Bb, L] = 0 and 2ρ̇ = ρL + Lρ,

ℓb = Tr(ρLBb)
qb

= Eνρ,L
[λ | Ib]. (140)

The binning problem is therefore weighted scalar squared-
error quantization of λ ∼ νρ,L, with the usual Lloyd–Max
conditional-mean representatives [61, 62, 63].
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Theorem B.1 (Exact score-compression identity). The
Fisher information JI =

∑
b qbℓ2

b satisfies

FQ − JI =
∑

b

Tr[ρBb(L − ℓb)2] (141)

=
∑

b

qb Varνρ,L(·|Ib)(λ)

≤ 1
4

∑
b

qb diam(Ib)2. (142)

The factor 1/4 is sharp.

Proof. The binned score operator LI =
∑

b ℓbBb obeys
Φ(LI) = JI . Equation (59) gives the first equality. Equa-
tion (140) identifies each term with a conditional variance.
Popoviciu’s inequality bounds a variance supported on
an interval of diameter ∆b by ∆2

b/4. Equal mass at two
endpoints attains equality, so the constant is sharp.

If every occupied bin has diameter at most δ, then

FQ − Jδ ≤ δ2/4. (143)

If the occupied spectrum has width W , K equal-width
bins give FQ − JK ≤ W 2/(4K2).

Define the state-weighted tail second moment

TR =
∫

|λ|>R

λ2 νρ,L(dλ). (144)

Partition [−R, R] into K equal intervals and use two addi-
tional tail bins. The central loss is at most R2/K2, while
the two tail conditional variances sum to no more than TR.
Hence

FQ − JK+2 ≤ TR + R2

K2 . (145)

This proves the dimension-free tail statement in Result R1.
For a probability measure ν with finite second moment,

define
DK(ν) = inf

|C|≤K

∫
dist(λ, C)2 ν(dλ). (146)

If ν has m atoms, then DK(ν) = 0 for K ≥ m. Since every
finite-dimensional SLD measure is atomic, the high-rate
density law can only describe a joint dense-spectrum and
large-K limit.

Lemma B.2 (Wasserstein stability). For probability mea-
sures µ, ν with finite second moments,∣∣∣√DK(µ) −

√
DK(ν)

∣∣∣ ≤ W2(µ, ν). (147)

Proof. Fix a codebook C with at most K points and any
coupling (X, Y ) of µ and ν. The distance-to-set function
is 1-Lipschitz, so Minkowski’s inequality gives

∥ dist(X, C)∥L2 ≤ ∥ dist(Y, C)∥L2 + ∥X − Y ∥L2 . (148)

Take the infimum first over couplings and then over C to
obtain

√
DK(µ) ≤

√
DK(ν) + W2(µ, ν). Interchanging µ

and ν proves Eq. (147).

Now let νn be finite atomic score measures with sup-
port cardinalities mn := # supp νn → ∞ and assume
W2(νn, ν) → 0, where ν = f(λ)dλ has a compactly sup-
ported density continuous and positive on the interior of
its support. The rigorous one-dimensional squared-error
theorem of Graf and Luschgy, Theorem 6.2, gives

K2DK(ν) −→ Cf := 1
12

(∫
f(λ)1/3 dλ

)3
. (149)

For any sequence Kn → ∞ with Kn < mn and
KnW2(νn, ν) → 0, Eq. (147) implies∣∣∣Kn

√
DKn(νn) − Kn

√
DKn(ν)

∣∣∣ → 0. (150)

Combining this with Eq. (149) and the exact metrological
identity yields

K2
n(F (n)

Q − J
⋆,(n)
Kn

) −→ Cf . (151)

At K ≥ mn, the finite atomic distortion is exactly zero,
while it is positive for K < mn because every atom has
positive mass and at least one support point lies outside
any smaller codebook. This proves Corollary 3.5 and
cleanly separates the intermediate high-rate window from
the terminal finite-support crossover. The classical law is
imported from Refs. [66, 67, 68, 63, 64]; the constant-one
root-distortion Wasserstein inequality is directly anteceded
by Ref. [65].

For sorted finite eigenvalues with weights wa = Tr(ρΠa),
the exact cost of a contiguous interval i ≤ a < j is

C(i, j) =
j−1∑
a=i

waλ2
a −

(∑j−1
a=i waλa

)2

∑j−1
a=i wa

. (152)

The Bellman recursion D(k, j) = mini<j{D(k − 1, i) +
C(i, j)} finds the exact optimal contiguous K-bin partition
in O(Kd2) time [69, 70].

B.2 Approximate block-encoded score
Theorem B.3 (Exact approximate-operator PVM). Sup-
pose µI ⪯ ρ ⪯ ΛI, κ = Λ/µ, and L̃ = L̃† satisfies

∥L̃ − L∥∞ ≤ η. (153)

Let (Bb) be spectral bins of L̃ of diameter at most δ. Then

FQ − J
δ,L̃

≤ min
{

(κ + 1)2η2 + (δ + 2κη)2

4 ,

[
δ + (κ + 1)η

]2
}

. (154)

For the rank-one eigenbasis of L̃ (δ = 0), the second branch
gives (κ + 1)2η2.
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Proof. Let L̃|j⟩ = λ̃j |j⟩ and qj = ⟨j|ρ|j⟩. The exact clas-
sical score generated by this basis satisfies

ℓj − λ̃j = ⟨j|[ρ(L − L̃) + (L − L̃)ρ]|j⟩
2qj

, (155)

so |ℓj − λ̃j | ≤ κη. The induced rank-one score operator LP

therefore obeys ∥LP −L∥∞ ≤ (κ+1)η, and Proposition 4.1
gives FQ − J(P ) ≤ (κ + 1)2η2. Within one approximate
spectral bin, the exact classical scores have range at most
δ + 2κη. The exact Fisher chain rule between the refined
PVM and its coarse graining, followed by Popoviciu’s
inequality, gives the first branch.

For the direct branch, let LB =
∑

b ℓ̄bBb be the coarse
score operator. For every L̃ eigenvector in bin b, |ℓ̄b −
λ̃j | ≤ δ + κη, so ∥LB − L∥∞ ≤ δ + (κ + 1)η. The exact
complete-square identity for the coarse PVM then gives
FQ − J

δ,L̃
≤ [δ + (κ + 1)η]2.

If a block encoding approximates L/x with operator
error ϵ, then η ≤ xϵ. This statement controls the matrix
approximation and the exact spectral PVM analyzed above.
The actual coherent circuit has the separate uniform score-
intertwining defect ξ of Eq. (24). A failure probability
contributes to ξ only after every failure label receives
a bounded score and the primitive guarantee is made
uniform over inputs; amplification alone does not supply
that interface.

C Quantum score compiler and re-
source accounting

This appendix documents the matrix layer, the operational
score interface used in Result R3, and the partial resource
convention audited in Result R4.

Definition C.1 (Balanced block-encoding input). The
input is an n-qubit one-parameter model supplied through
block encodings of

S = cρ, D = cρ̇, (156)

with common known scale c > 0, spectral promise

µI ⪯ S ⪯ ΛI, κ = Λ/µ = poly(n), (157)

and block-encoding normalization α for D/Λ. The acceler-
ated positive-matrix routine also receives block encodings
of

√
S/(2Λ).

The common scale is essential: the SLD equation is
invariant under (ρ, ρ̇) 7→ (cρ, cρ̇), whereas a normalized
density-matrix block encoding can hide an exponential
normalization factor.

Algorithm 6.1 specifies the complete compiler interface.
In the matrix layer it sets A = B = S/(2Λ) and the
Sylvester right-hand side to D/Λ, then invokes the quan-
tum linear-matrix-equation circuit of Ref. [45] to obtain

a block encoding of L̃/x. Equation (154) converts matrix
and bin-width errors into a Fisher bound for the exact spec-
tral PVM of L̃. Theorem 6.3 converts the actual circuit’s
separately certified defect ξ into the implemented-POVM
bound.

For A = B = S/(2Λ), the Kronecker-sum coefficient has
spectrum in [1/κ, 1]. The positive-matrix case of Ref. [45]
uses

QSyl = O

(√
κ log κd

ϵ

)
(158)

coefficient-oracle queries and returns normalization

x = O

(
ακ log κd

ϵ

)
, (159)

up to the constants and mild logarithmic factors specified
there. Qubitization and phase estimation at physical res-
olution δ require O[(x/δ) log(1/ζ)] uses of the L/x block
encoding [54, 55, 56, 57]. Thus

Qmatrix+spectral = Õ

(
ακ3/2

δ

)
, (160)

with logarithmic dependence on d = 2n, 1/ϵ, and the
primitive’s declared failure target. This is an end-to-end
query bound only when the primitive proves that these
choices yield the uniform ξ required by Eq. (74), including
boundary, leakage, failure-score, and representative-range
effects. Without square-root access, the analogous condi-
tional normal-matrix expression is Õ(ακ2/δ).

Table 5 is also archived as metadata/
oracle-interface.json. It is an audit of the re-
duction and its promises, not a claim that a particular
phase-estimation circuit already proves the primitive-to-ξ
implication.

For the four-spin worksheet, every balanced operator is
decomposed exactly as O =

∑
p cpPp over Pauli strings.

The LCU normalization is αO =
∑

p |cp|. Under the ex-
plicitly stated unary SELECT/PREPARE convention, one
M -term query is charged 4(M − 1) synthesized rotations.
Dividing target block error 10−6 evenly over those rotations
and using the Ross–Selinger synthesis proxy gives the table
in Sec. 9 [76, 77, 78]. These counts form a partial readout
proxy. They exclude state preparation, complete square-
root and Sylvester constants, composed allocation of η, ξ,
and signal-gadget error, routing, and error correction.

The archived truncation audit separates three notions.
First, direct truncation of the exactly known L is evalu-
ated in operator norm. Second, the Pauli coefficient tail∑

p/∈K |cp| gives a basis-independent sufficient bound on
that operator error. Third, the physical-input audit trun-
cates S and D, resolves the perturbed Sylvester equation,
and measures the induced ∥L̃ − L∥∞. For the benchmark,
the nonzero-information threshold

√
FQ/(κ+1) = 0.02425

is crossed at 23, 48, and 71 retained terms in these three
diagnostics, while a 99% rank-one certificate requires 72,
94, and 114, respectively. Supplemental Fig. S3 shows
the complete curves. The disparity demonstrates why raw
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Table 5: Oracle and interface audit for the full-support hardness reduction. Every row is a reduction input, construction,
or verified consequence. The spectral primitive’s delivery of the uniform ξ contract is deliberately isolated as an
unproved implementation obligation rather than hidden in the query expression.
Item Supplied or constructed object Cost, error, and use

QLS access Block encoding of Hermitian H and state prepa-
ration Ub|0⟩ = |b⟩; normal equations construct
A = H2 and |b′⟩ ∝ H|b⟩.

Polynomial overhead in κH ; κA ≤ κ2
H .

Metrological input Direct sums and linear combinations construct
block encodings of S and T in Eqs. (164)–(165),
with common scale and known normalization.

Polynomial overhead; S ⪰ aI and κ(ρ0) ≤ 2κA −1.

Square-root access Quantum singular-value transformation of the pos-
itive block encoding of S/(1 − a).

Polynomial degree in κA and logarithmic in inverse
error; this is supplied to the accelerated Sylvester
routine.

Matrix solve Quantum linear-matrix-equation circuit returns a
block encoding of L̃/x.

Matrix error η = ∥L̃ − L∥∞ is charged explicitly;
normalization x is retained.

Score representation An initialized, parameter-independent isometry V ,
exhaustive labels, and bounded label-score observ-
able C.

The delivered interface must certify ξ = ∥CV −
V L̃∥∞, including ordinary, boundary, leakage, clip-
ping, and failure labels.

Signal gadget A label-controlled block K at scale 2 with ∥K −
2C∥∞ ≤ χ.

Exact uncomputation yields 2Lc = V †KV and
∥Lc − L∥∞ ≤ η + ξ + χ/2.

Recovery Apply the reconstructed block to |2, 0⟩ and postse-
lect the signal/computational branch.

If τ := η + ξ + χ/2 < 1/(2κA), success is at least
(1/κA −2τ)2 and normalized error is at most 4κAτ .

Precision composi-
tion

Require η + ξ + χ/2 ≤ ϵQLS/(4κA). Gives normalized QLS error at most ϵQLS and, for
ϵQLS ≤ 1, success at least 1/(4κ2

A) before amplifi-
cation.

Output boundary Coherent action on chosen inputs, including signal
reconstruction.

No hardness claim is made for the marginal score
histogram, ordinary samples, or stronger classical
sample/query access.

Pauli sparsity and conditioned score accuracy must not be
conflated.
Remark C.2 (Local parameter dependence). The optimal
SLD measurement depends on the unknown operating point.
In local estimation, use o(N) copies for coarse localization,
compile the SLD at the preliminary estimate, and measure
the remaining copies. Under smoothness, the localization
error vanishes and the asymptotic variance approaches
(NFQ)−1 [59].

D BQP-hardness of coherent SLD-
measurement synthesis

This appendix gives the access reduction and error account-
ing for Result R3. The output is an actual parameter-
independent initialized isometry V , exhaustive labels
with bounded score operator C, and a uniform score-
intertwining defect ξ. This coherent contract controls
chosen inputs and is stronger than a state-averaged clas-
sical score sample. A particular phase-estimation circuit
belongs to the task only after it certifies the declared
interface.

D.1 Positive QLS remains BQP-hard
The standard quantum linear-systems problem is BQP-
hard under sparse or block-encoding access [73, 74]. Re-

stricting the coefficient matrix to be positive definite
changes only polynomial conditioning.

Lemma D.1 (Reduction to positive QLS). Let H = H†

be invertible, ∥H∥ ≤ 1, and ∥H−1∥ ≤ κH . Set

A = H2, |b′⟩ = H|b⟩
∥Hb∥

. (161)

Then A > 0, κA := κ(A) ≤ κ2
H , and

A−1|b′⟩
∥A−1b′∥

= H−1|b⟩
∥H−1b∥

. (162)

A block encoding of A and a preparation of |b′⟩ require
polynomial overhead in κH .

Proof. Equation (162) follows from H−2H = H−1. A
block encoding of H2 follows by block-encoding multi-
plication. Applying the encoding of H to |b⟩ succeeds
with amplitude ∥Hb∥ ≥ 1/κH , so amplitude amplification
prepares |b′⟩ with polynomial overhead.

D.2 Full-support faithful metrology em-
bedding

Let A > 0 have spectrum in [1/κA, 1], let |b⟩ be normalized,
and let Ub|0⟩ = |b⟩. For compactness write κ = κA within
this subsection and define

a = 1
2κ

, γ = a

2 , (163)
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and, on H1 ⊕ H2,

S =
(

A − aI 0
0 aI

)
, (164)

T = γ

(
0 Ub

U†
b 0

)
, (165)

ρθ = S + θT

Z
, Z = Tr S = Tr A. (166)

Because Tr T = 0, ρθ is trace one whenever it is positive.

Lemma D.2 (Faithfulness and conditioning). For every
|θ| ≤ 1, ρθ > 0 and

aI ⪯ S ⪯ (1 − a)I, κ(ρ0) ≤ 2κ − 1. (167)

Proof. The first block A − aI has spectrum in [a, 1 − a]
and the second block equals aI, so S ⪰ aI. Moreover,
the Hermitian off-diagonal unitary block in Eq. (165) has
norm one, and therefore ∥T∥ = γ = a/2. Weyl’s inequality
yields

S + θT ⪰ (a − |θ|γ)I = a

(
1 − |θ|

2

)
I ⪰ a

2 I > 0 (168)

for |θ| ≤ 1. This proves positivity throughout the stated
parameter interval and Eq. (167). It also explains the
limiting numerical margin λmin(S ± T )/a = 1/2.

Normalization cancels from the SLD equation, so SL +
LS = 2T . The unique solution is

L =
(

0 aA−1Ub

aU†
b A−1 0

)
. (169)

Indeed, its upper-right block X obeys (A − aI)X + XaI =
AX = aUb. If A|vi⟩ = λi|vi⟩, then

|±, i⟩ = |1, vi⟩ ± |2, U†
b vi⟩√

2
, L|±, i⟩ = ± a

λi
|±, i⟩.

(170)
Consequently,

spec(L) =
{

± a

λi(A)

}N

i=1
, a ≤ |λ(L)| ≤ 1

2 . (171)

There is no zero SLD sector.
The QFI is

FQ = Tr(SL2)
Tr S

= a2 Tr(A−1)
Tr A

. (172)

Since N/κ ≤ Tr A ≤ N and N ≤ Tr A−1 ≤ κN ,

1
4κ2 ≤ FQ ≤ 1

4 . (173)

Thus the metrological weight is inverse polynomial under
the promised conditioning.

D.3 Coherent recovery of the QLS solu-
tion

Let V denote the actual initialized isometry and let C as-
sign a bounded score to every ordinary, boundary, leakage,
and failure label. Scores are clipped to [−1/2, 1/2], with
the resulting discrepancy charged in ξ. Introduce a signal
qubit and a label-controlled gadget whose actual upper-left
label block K satisfies

∥K − 2C∥∞ ≤ χ. (174)

Conjugating by the same actual circuit and its inverse
gives the exact initialized-ancilla signal block

2Lc = V †KV. (175)

Corollary 6.4 yields

τ := ∥Lc − L∥∞ ≤ η + ξ + χ

2 . (176)

Exact reversal proves Eq. (175); the score-intertwining
contract supplies proximity to L.

In the exact limit Lc = L,

L|2, 0⟩ = a|1⟩ A−1Ub|0⟩ = a|1⟩ A−1|b⟩. (177)

The exact postselection probability is

papp = 4a2∥A−1b∥2 ≥ 1
κ2

A

, (178)

The implemented postselection probability obeys

pimpl
app ≥ (1/κA − 2τ)2. (179)

For τ < 1/(2κA) the implemented output is nonzero. The
normalization inequality gives vector error at most 4κAτ ,
so

η + ξ + χ

2 ≤ ϵQLS

4κA
(180)

suffices for normalized error at most ϵQLS. For ϵQLS ≤ 1,
Eq. (179) remains at least 1/(4κ2

A), and amplitude ampli-
fication has polynomial cost.

Composing with the preceding normal-equations lemma
gives κA ≤ κ2

H . In terms of the original Hermitian QLS
condition number,

κ(ρ0) ≤ 2κ2
H − 1, g0(L) ≥ 1

2κ2
H

,

FQ ≥ 1
4κ4

H

, papp ≥ 1
κ4

H

. (181)

Combining these bounds with positive-QLS hardness
proves Theorem 7.2.

D.4 Access construction and output
boundary

Block encodings of S and T follow by direct sums and
linear combinations of a block encoding of A, the identity,
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and Ub. Because the spectrum of S/(1 − a) lies in [a/(1 −
a), 1], quantum singular-value transformation constructs
an inverse-polynomially accurate block encoding of the
positive square root required by the accelerated Sylvester
routine with degree polynomial in κ and logarithmic in
the inverse error [56]. If 2N is not the desired register
dimension, pad both blocks by uncoupled copies of aI
and pad T by zero; this does not affect the computational
sector.

The reduction proves hardness of the compiled coherent
map on chosen inputs. It makes no hardness claim for
ordinary score samples from ρ0. Equation (170) gives

Tr(ρ0|±, i⟩⟨±, i|) = λi(A)
2 Tr A

, (182)

which has full support and is independent of |b⟩. Thus the
marginal score histogram provably erases the QLS right-
hand side even though the coherent eigenvectors retain it.
The reduction locates the computational content in the im-
plemented spectral basis and its action on |2, 0⟩. Result R3
is therefore stated for uniform coherent synthesis.

E Numerical protocol and indepen-
dent gates

This appendix documents the numerical and resource com-
ponents of Result R4. All data were generated with Python,
NumPy, SciPy, and Matplotlib using master seed 20260818.
Dense diagonalization validates finite-dimensional identi-
ties; no dense classical runtime is compared with abstract
quantum query complexity.

E.1 Projective landscape and residual
identity

The explicit saddle uses

ρ = I/3, ρ̇ =

0.1 0.2 0
0.2 0.1 0
0 0 −0.2

 . (183)

At the computational PVM, the scores are (0.3, 0.3, −0.6),
J = 0.18, and FQ = 0.42. The equal-score residual has
off-diagonal entry 0.2, so the inherited pair-rotation for-
mula predicts curvature 1.92. A central finite difference
gives 1.9199997; an inter-block direction has curvature
−1.0800005.

The exact residual identity was evaluated for 600 PVMs
in d = 16 at state condition number 8. Geodesic per-
turbations of the exact SLD eigenbasis covered relative
gaps from 10−8 to order one and were supplemented by
Haar-random PVMs. The maximum absolute discrepancy
was 8.59 × 10−18.

E.2 Compression, finite resolution, and
dense spectra

For finite resolution, 40 random d = 32, κ = 8 models were
spectrally binned over 13 requested resolutions. The max-
imum (FQ − Jδ)/(δ2/4) was 0.366541, with no violation
beyond the archived floating-point allowance. A sepa-
rate ensemble used 20 models at each d ∈ {8, 16, 32, 64}
and exact dynamic programming for target fractions
90%, 95%, 98%, 99%. At 99%, the exact median bin counts
were 7, 10, 12, 14 and the instance-specific tail theorem
guaranteed 25.5, 28, 30, 31.5. The corresponding finite-
range log fits have R2 = 0.989 and 0.988.

For the constructive tail gate, the four-spin model at
β = 0.30 was partitioned exactly as in Theorem 3.3 for
R ∈ {0.5, 1, 1.5, 2} and K ∈ {4, 8}. The maximum loss-to-
budget ratio was 0.323037.

The dense-spectrum gate uses ρm = I/m and uniform
midpoint scores on [−1, 1] for m = 64, 128, 256. For every
archived divisor K of m, the dynamic program agrees with

DK = 1
3K2 − 1

3m2 . (184)

The maximum intermediate-window relative error from
the limiting constant 1/3 is 0.015625, and Dm = 0 exactly.

E.3 Standard score iteration
For the Richardson/Jacobi diagnostic, we generated 20
random d = 32 models at each κ ∈ {2, 4, 8, 16}. Density
eigenvalues were geometrically spaced and randomly con-
jugated. A random traceless derivative was rescaled to
∥ρ−1/2ρ̇ρ−1/2∥∞ = 0.3. The exact step 1/(µ+Λ) was used
without fitted rates. At κ = 16, the median normalized
potential gap after 90 iterations is 7.815 × 10−13.

E.4 Full-support hardness family
We tested 123 positive QLS instances over dimensions
4, 8, 16: 120 interior promised instances with κ =
2, 4, 8, 16, 32 and three near-identity instances with κ =
1.05. The interior spectra have λmax(A) < 1, so neither
the score-margin gate nor the scaled-QFI gate is an end-
point identity. For each instance we construct S, T, L
from Eqs. (85)–(90), solve the Sylvester equation numer-
ically, apply L to |2, 0⟩, and compare with the normal-
ized A−1|b⟩. The largest relative Sylvester residual is
4.494×10−15, the largest relative SLD error is 4.203×10−15,
and the minimum fidelity is 0.9999999999999996. The
minimum scaled application success is 1.047458, the min-
imum scaled QFI is 1.060359, the minimum zero-score
margin is 1.005487a, and the minimum positivity margin
is 0.500000a. The near-identity subset drives the scaled
QFI ratio toward its AM–HM lower bound, with archived
minimum 1.060359. Its minimum score-margin ratio is
1.010101; the slightly smaller global value 1.005487 comes
from an interior-spectrum instance. Every numerical SLD
has full nonzero support. At fixed A, a second independent
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right-hand side changes the complete score histogram by
at most 3.220 × 10−15.

E.5 Promise-compatible sensor and Gibbs
benchmark

For the parity-coherence family, the archived sequence
n = 2, 4, 8, 16, 32, 64, 128 evaluates the analytic formulas
κ = 3, FQ = n/4, and n + 1 exact scores. At n = 128,
FQ = 32 and the exact score label needs eight bits.

The frustrated four-spin benchmark is defined by

H0 =
n−1∑
i=1

(0.9XiXi+1 + 0.6YiYi+1 + 1.1ZiZi+1)

+ 0.35
n−2∑
i=1

ZiZi+2 + 0.3
n∑

i=1
(−1)i−1Xi

+ 0.12
n∑

i=1
cos(i

√
2)Zi,

V =
n−1∑
i=1

(XiZi+1 + 0.7ZiXi+1), (185)

with ρλ ∝ e−β(H0+λV ) at λ = 0. The Fréchet derivative is
evaluated in the energy basis. The product-PVM baseline
optimizes an independent Bloch axis on every spin using
scrambled Sobol starts, L-BFGS-B, and Powell polishing.
At β = 0.30, it gives Jprod/FQ = 0.485497, while optimal
seven- and eight-bin readouts retain 0.983440 and 0.992641.

For n = 2, 4, 6, 8, 10, the exact identity κ = eβ∆En

holds to relative error below 1.4 × 10−16. At n = 10,
κ = 5.42 × 103 for fixed β = 0.30 and 4.66 × 1018 for fixed
β = 1.50. At β = 1/n, the condition number remains at
most 17.56 through n = 10, while 0.809 ≤ nFQ ≤ 1.202
for n = 4, 6, 8, 10.

The Pauli audit orders coefficients by magnitude. Direct
operator-norm truncation of L reaches the nonzero/99% in-
formation thresholds after 23/72 terms; the coefficient-tail
sufficient bound requires 48/94. Truncating both physi-
cal inputs and resolving the perturbed Sylvester equation
requires 71/114 terms per input.

Independent numerical gates. The executable valida-
tor contains 34 checks grouped into 12 families:

G1. exact projective geometry and residual identity;

G2. Richardson conditioning diagnostic;

G3. sharp finite spectral resolution;

G4. random optimal score quantization;

G5. constructive tail-adaptive compression;

G6. dense-spectrum high-rate window and atomic
crossover;

G7. full-support faithful QLS-to-SLD embedding, includ-
ing application success and QFI;

G8. frustrated thermal-sensor readout;

G9. resource and Pauli-truncation audit;

G10. fixed-temperature Gibbs conditioning obstruction;

G11. shrinking-temperature Gibbs window; and

G12. constant-conditioned extensive-QFI parity sensor.
The file validate.py exits nonzero if any threshold fails.
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Figure 1: Exact projective geometry and sharp score compression. (a) A three-level Fisher landscape with a
nonglobal critical saddle. The equal-score pair rotation supplied by Ref. [6] is a strict ascent direction. (b) Numerical
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FIG. 3. Promise-compatible sensing, Gibbs access, and compressed readout. (a) QFI and the best product-PVM
Fisher information found by the archived heuristic search for the frustrated four-spin sensor; the upper axis is the exact
Gibbs condition number. (b) Exact optimal score quantization at β = 0.30: seven bins retain 98.34% and eight retain 99.26%
of FQ. (c) Fixed-temperature Gibbs conditioning grows exponentially with energy span, while β = 1/n remains bounded
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constant κ = 3, while the exact score label needs only ⌈log2(n + 1)⌉ bits.
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