Stochastic Thermodynamics of Highly Underdamped

Homogeneous Hamiltonian Systems

Maestro v0.1*

LPudim AI Research Ledger
(Dated: September 4, 2026)



Abstract

Weak friction separates rapid Hamiltonian motion from slow thermal evolution. The fixed-control
energy-diffusion operator organized by the enclosed phase volume Q(E, \) and density of states
w = 0gf) is an established part of Kramers theory and its multidimensional extensions. Here we
place its driven form inside a density-of-states-consistent stochastic thermodynamics. Under energy
lumpability, the averaged protocol drift, friction, and noise are fixed by — /w and Q /w; the entropy
—kp [ PIn(P/w) dE then yields a first law, a trajectory entropy production ¥, and a nonequilibrium
free-energy identity. Positive homogeneous Hamiltonians form an analytically closed class governed
by fer = 2c, which fixes state counting, heat capacity, and fluctuation amplitudes, and I'y, which
fixes relaxation and power. For thermal exchange we recast the known gamma-difference law in a
dimensionless moment-generating function controlled solely by (o, I'4t,0p/T"), and from it derive a
compact all-order cumulant recurrence, an incomplete-beta violation probability, a heat-current
uncertainty identity, skewness, and kurtosis. Its exact additive gap from the parabolic uncertainty
benchmark is 1/«, although the multiplicative gap remains finite at fixed intensive driving. A control
formulation separates continuous stroke optimization from discrete cycle architecture. A finite-time
six-member atlas treats five named architectures and one smooth variational cycle on the same
gamma manifold. The smooth cycle is the exact optimizer within the class of closed gamma-manifold
loops having fixed period, mean virtual temperature, RMS mean-energy rate, and RMS relative
thermal drive; its confinement waveform, heats, efficiency, entropy production, and covariance
follow in closed form. The Otto reset limit has an exact work-uncertainty identity; Stirling contact
allocation has a closed finite-time optimum; and Brayton pressure-ratio optimization recovers the
Curzon—Ahlborn value under stated idealizations. Harmonic networks expose graph-dependent
free energy, response, and size through spanning trees, resistances, and the Kirchhoff index. A
collective graph-metric power potential preserves this entire geometry at arbitrary homogeneity
degree while generating genuine many-body forces. For a sudden single-edge surgery we derive
an exact beta—gamma work law controlled by the pre-quench effective resistance; it gives all work
cumulants, Jarzynski and Crooks relations, the irreversible-entropy distribution, a joint heat—work
transform after relaxation, and a graph-switching heat-engine cycle. For hard spheres we propose a
conditional singular extension: assuming rapid shell mixing and orbit-averaged moving-wall work,
the configurational integral acts as an effective control coordinate and the leading energy process

remains CIR; packing then modifies physical compression through the compressibility factor and



graph-dependent excluded volume shifts Otto work statistics. A microscopic attractive tail generally

breaks scalar closure, while a uniform mean field retains a nonequilibrium van der Waals form.
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I. INTRODUCTION

The low-friction limit of Brownian motion is one of the original regimes studied by Kramers.
When a bound system completes many Hamiltonian orbits before friction appreciably changes
its energy, phase becomes fast and energy becomes a slow stochastic coordinate [1-4].
Both the one-dimensional action equation and multidimensional Markovian energy diffusion
written with the density of states and its integral are established results of reaction-rate
theory [2, 5-7]. A particularly close density-of-states formulation is the multidimensional
nonisothermal theory of Pollak, Talkner, and Berezhkovskii [8]. Slow external driving also has
important antecedents: weakly damped periodically driven wells were reduced to energy—phase
diffusion by Linkwitz and Grabert, while Jarzynski derived energy diffusion for slowly driven
ergodic adiabatic ensembles and chaotic billiards [9-11]. Those works do not combine the
present thermal bath current, deterministic phase-volume work transport, and DOS-relative
stochastic-thermodynamic accounting, but they delimit the prior driven-energy-diffusion
literature. That literature emphasizes escape and transport. Stochastic thermodynamics
asks different questions of the reduction: heat and work distributions, entropy production,

control, efficiency, and power.

Levitated particles made these questions analytically and experimentally concrete [12-15].
Salazar and Lira obtained the nonequilibrium heat law for a harmonic trap, including its
exchange fluctuation relation and many-particle limit [16]. They then showed that U(z) oc 2"
preserves a gamma energy family, introduced fractional effective degrees of freedom, connected
the steep limit to a particle in a box, and derived a minimum-work protocol with two thermally
fast boundary transformations [17, 18]. The work moment-generating function was reduced
to one scalar equation in Ref. [19]. Strong-detailed-fluctuation-theorem bounds on variance,
apparent second-law violations, skewness, and moment-generating functions were developed
in Refs. [20-23]; the broader entropy-production framework is reviewed in Ref. [24]. Chen et
al. constructed a microscopic Curzon—Ahlborn engine and its joint work—heat statistics from
the same energy process [25]. More recently, Chen and Quan optimized Brownian-engine

power under stiffness and bath-switching constraints and obtained a distinct cycle containing

two isotherms, two adiabats, and an additional isochoric relaxation [26].

We recover these established results as benchmarks. Our purpose is to expose their common

geometry and locate a boundary of universality within the leading averaged, Markovian,



energy-lumpable framework. The organizing object is the phase volume enclosed by an energy
shell. In one dimension it is the classical action; in higher dimensions it is the Hertz phase
volume, with mixing providing one sufficient mechanism for microcanonical sampling [27, 28].

Its logarithmic energy slope defines

four(E,\) = 2E 0510 Q(E, \). (1)

For U o x?" this gives f, = (n+ 1)/n. A constant f.s identifies a homogeneous univer-
sality class. A running value generally destroys the gamma closure and its scalar effective

temperature.

We proceed from phase-space Langevin dynamics to energy-space thermodynamics and
then solve the homogeneous class. The claim hierarchy is deliberately explicit. First, the
fixed-control €2/w bath operator is established Kramers energy diffusion. Second, we synthe-
size established driven-energy-diffusion antecedents with thermal Kramers diffusion through
the phase-volume continuity identity and DOS-relative entropy, thereby making the first law,
stochastic entropy production, and nonequilibrium free energy mutually consistent under
energy lumpability. Third, within the homogeneous class we recover the known gamma-
difference heat and exchange-entropy laws, distinguish exchange entropy from total path
entropy production, and derive the total-production distribution together with compact
exchange cumulant, violation-probability, and uncertainty identities. Fourth, we distinguish
continuous optimal control from imposed cycle topology, solve five named finite-time architec-
tures, and obtain the exact smooth-loop optimizer within specified quadratic budgets. Fifth,
we prove the common-rate closure and energy-fraction diffusion for independent subsystems
and separate universal energy statistics from graph-dependent thermodynamic geometry.
Sixth, a solvable collective graph interaction turns an effective resistance into the sole graph
parameter of an arbitrary-q single-edge work law. The hard-sphere discussion develops a
conditional driven singular extension in which the configurational integral becomes the control
coordinate rather than silently treating excluded volume as another positive-homogeneous

potential. The oscillator work and engine results serve as stringent recovery checks.
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II. FROM LANGEVIN DYNAMICS TO ENERGY DIFFUSION

A. Exact energy balance

Consider
a2
H(z,p;\) =) o +U(x;)) (2)
i— 277711

with d quadratic momentum components coupled to a bath at temperature 7. The under-

damped Langevin equations are

de; = 22 ag,
m;

dp; = —8,,U dt — yp; At + +/2mvksT dB;. (3)

[t6’s formula gives the exact microscopic first law

: d_ g2
dFE = [A@AU—i—vdkBT—vzpl] dt

i=1 Mk

d -
+\/29ksT Y p;ll dB;. (4)
p=1

7

The trajectory-level convention is 6W = 9y H d\ and 6Q) = dE — 6W, with both quantities
positive into the system [29-31].
For one degree of freedom and a regular periodic orbit, define

J(B,\) = fpdx, T(E,\) = 95 (E, ). (5)

The identities p?/m = J/Jg and 0\U = —J,/Jg already show why thermal and protocol

terms are geometric. The higher-dimensional version makes the structure more transparent.

B. Phase-volume identities

Let
Q(E,\) = /dd:c d’pO[E — H(z, p; N,
w(E,\) = 0pQ(E, \) ©)

be the enclosed phase volume and density of states. Microcanonical shell averages are

normalized with 0(E — H)/w. Differentiation with respect to the control gives
2,

UA(E,)\) o= <a)\H>E = = o

(7)



Momentum-space integration by parts gives

i=1 M &

Indeed, integrating 0,,{p;:©O(E — H)} equates one copy of 2 with the corresponding shell
integral of p?/m;. This is the general phase-volume form of the virial ingredient used for
power-law traps and applies beyond homogeneous Hamiltonians.

The same definitions imply

O\w + Og(wvy) = 0. (9)

This continuity identity states that Hamiltonian work transports density-of-states volume

through energy space.

C. Averaged process

Fix a compact energy range K containing no separatrix or critical shell, and let 7. (E, A)
denote the recurrence or correlation time relevant to the required orbit averages. A convenient
dimensionless control parameter is

£ = sup max {vaast, | A\ Ttast |0 10 Q|} < 1 (10)
Eek

Choose a mesoscopic window satisfying
Thast << At < min{y ™", tarive, tarite, taift }- (11)

In one dimension 7, is the orbital period. In several dimensions, mixing on a connected
shell is a sufficient route to microcanonical averages. The precise requirement is energy
lumpability: the orbit-averaged work coefficient, dissipative drift, and quadratic variation
must depend on the slow state through £ alone. Homogeneous virial identities and equal-rate
sums provide important nonmixing examples.

Stochastic averaging [32, 33], including the quadratic variation in Eq. (4), gives the leading

backward generator

.0 Q Q
Lrp = [—)\A + dvy </€BT = ﬂ ¢ + dykgT—¢". (12)
w w o



Corrections vanish in the averaging limit € — 0 on regular slow-time intervals; separatrices

and accessible boundaries can require separate boundary-layer reductions. The associated

0 Q Q
dE = [_)\/\ + dy (kBT — )1 dt + {/2dvkgT— dBg. (13)
w w W

For one dimension, 2 = J and the fixed-control bath term is the action-based Kramers

[t6 process is

energy diffusion. The same Q/w structure is established in multidimensional energy-diffusion
theory [2, 5, 8]. Energy diffusion caused by slow Hamiltonian driving is established for
ergodic adiabatic ensembles and chaotic billiards, while weakly damped driven wells admit
energy—phase reductions [9-11]. Equation (13) instead combines deterministic phase-volume
work transport with thermal Kramers drift and diffusion after imposing energy lumpability; it
is not claimed as the first driven energy-diffusion equation. Coefficients retaining additional
conserved actions require a vector diffusion; additional actions compatible with energy-only
coefficients still permit a closed marginal energy equation.

The density obeys 0,P = —0gj with

3= jw+ Jv, Jw = AUAP,

Q Q
W W

At fixed parameters, zero bath current selects

w(E, \)e B/ksT
ZNT)

Po(E|)) = Z::[flarEﬂBTdE. (15)

The density-of-states factor is essential: a flat Boltzmann density in £ is correct only when
w is constant.
For applications that observe only finite energy cells, Appendix C gives a detailed-balance-

preserving master equation whose states are classical bins.

ITII. ENERGY-SPACE STOCHASTIC THERMODYNAMICS

The thermodynamic entropy of an energy distribution must count the phase-space volume

represented by each energy cell. Up to the fixed phase-space unit used in w, it is

smﬂz—@ﬁmmﬂwmﬂgg

dE. (16)
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The differential Shannon entropy —kg [ P In P omits the shell entropy and is unsuitable for
thermodynamic balances when w varies [34].

Assuming vanishing boundary currents, stochastic energetics defines [29, 30]

W:A/OOUAPdE, Q:/mjde. (17)
0 0

Integration by parts gives the first law

d(E)
— =W+aQ (18)

Using Eq. (9), the protocol current transports the DOS entropy without producing it. The
bath current has the gradient form

/P
Jb=—DPOgln D (19)

eq
and the stochastic entropy production along an energy trajectory Go, = {Fs: 0 < s <t} is

the dimensionless path functional of stochastic thermodynamics [31, 35]

Et; t) - Ssys(-E(b 0) . t 5@8 PF[g]

Et [g] _ SSYS (

=1 . 20
ks o keTy Pr[GT] (20)
Here
_ P(E,1)
Ssys(E; t) = kB In m (21)

and the reverse ensemble begins from the forward final distribution. Equation (19) gives its

mean production rate,

<i<2t>_k <S—> /°° boap o (22)

Equality with microscopic entropy production requires the eliminated phase variables to
carry no additional irreversible current at the retained order. When hidden currents remain,
Eq. (22) is a coarse-grained lower bound [34].

The nonequilibrium free energy
FIPAT] =(E) =TS = Foq(A, T) + kT Dxcr.(P|| Feq) (23)

satisfies the general nonisothermal balance

F=W-— k:BT(;it( = G (24)

11



The last term is the change of the temperature multiplying the system entropy; it cannot be
omitted on a nonisothermal stroke. For a fixed-temperature process beginning in equilibrium,

(W) — AF,q
ksT B

Consequently, at fixed T', Wi, = kg7 (3,) when the final distribution is equilibrium. A

<ET> + DKL<PT||Peq,T)' (25)

nonequilibrium endpoint contributes the residual relative entropy in Eq. (25).

The entropy-production distribution is defined directly from the forward path measure:
Pr(o,t) = [ DGPFIG)8(0 — Zi[G]) (26)

Local detailed balance yields the forward-reverse detailed relation and its integral conse-

quence [21, 31, 35],
PF<07 t) =
—_— @ @ — ]_ 27
e .

For a self-reversed ensemble the first identity becomes the strong detailed fluctuation theorem
P(0)/P(—0) = €. These statements concern the averaged path measure and reproduce the
microscopic relations when hidden phase-space entropy production vanishes at the retained
order. For isothermal forward and reverse reduced protocols initialized in equilibrium, the
Crooks and Jarzynski relations follow [36, 37]:

Pr(W) _ W —AF ~W/ksT\ _ —AF/kgT
Pa(—V) exp< T ) : <e > =e : (28)

IV. PHASE-VOLUME HOMOGENEOUS UNIVERSALITY

Let the potential be positive, confining, and homogeneous of degree ¢ in d coordinates,
Ulz; k) = kV,(x), V,(cx) = 'V, (). (29)
Scaling momenta by E'/? and coordinates by (E/k)Y4 gives

Q(E, k) = Ck~Y1E°,
d d 2
a=—+ -, feﬁ:2a:d<1+>. (30)
2 q q
The prefactor C' contains masses and the shape of V,; it drops out of normalized energy

dynamics. Define

d
D G R Y N G R S A ;7 (31)
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(a) Density-of-states families (b) Two independent roles
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FIG. 1. Phase-volume universality. (a) Equilibrium gamma laws for representative o = fog/2. (b)

The one-dimensional power-law family separates fog =1+ 2/q from I'y/v = 2¢q/(¢ + 2).

The symbol I'; is the energy-relaxation rate and agrees with the Salazar-Lira convention
[, = 2n7y/(n +1) for ¢ = 2n. The coordinate A makes Q oc A\=*/2E® for every q.
Equation (13) becomes

dE = [a(t)E — Ty(E — akgT)] dt + /2T ks TE dBg,

alt) = ;;‘t InA(t) = ﬁ (32)

This driven Cox—Ingersoll-Ross process [38] displays the two class parameters cleanly. The
exponent o = fe/2 controls state counting, heat capacity, relative fluctuations, and cumulant
amplitudes. The rate I'; controls relaxation, dissipation, and conversion from energy per
cycle to power.

At fixed parameters,

Fo—1e—B/ksT

) Ty
(E) = akgT, Var E = a(kgT)?,
_ (9B _ [
CV = <6T'>)\ = OZ]{TB = 71?/{?]3 (33)

Here C'y denotes heat capacity at fixed trap control; a mechanical volume can be included

separately for a gas. Moreover, Z = Cal'(a)A\=*/?(kgT)® and

kT . )\
O[Bln—f.

AVIES
2 i

(34)
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TABLE 1. Representative homogeneous classes.

T T

System e Sott Ly/v
1D harmonic, g = 2 1 2 1
1D quartic, ¢ = 4 3/4 3/2 4/3
1D sextic, ¢ =6 2/3 4/3 3/2
1D hard box 1/2 1 2
dD power law d(1/2+1/q) d(1+2/q) 2q/(q+2)
Conservation of phase volume during an isolated quasistatic stroke gives
EX~Y2 = constant, OA~1/? = constant (35)
for a canonical family with virtual temperature 6.
A. Invariant thermal manifold
The driven process preserves the gamma family
Eo1—E/ks0(0)
P(Et) = ) 36
0 = Tkt .
provided the initial state belongs to it. The virtual temperature obeys
0=(a—T,)0+T,T. (37)
On this manifold,
W = akga, Q= akgT (T —0), (38)
d (6 —1T)2
— () = al'y———+— 39
~(S) =l (39)
and
0 0
F—-—Fqg=akgT |=—1-In—]|. (40)

V. EXACT RESULTS WITHIN THE AVERAGED HOMOGENEOUS PROCESS

All results in this section are exact for Eq. (32). Their microscopic Langevin validity can

become nonuniform: for one-dimensional ¢ > 2, Tpg o< EY71/2 diverges as £ — 0 while

14



a < 1 makes the CIR origin accessible. Microscopic use therefore requires an energy range
where Eq. (10) remains small, or a separate boundary-layer validation.

For fixed A\ and bath temperature, let 7, = e Ye!. The transition density is

£\ (a2
TtE(])

— 1
X -[04—1 (20 TtEEO> 9 Cc = m (41)

Its first conditional moments are

p(E, 1| Ey) = cexp|—c(E + s Fp)] (

<Et|E0> = ak:BT o (E() - O./k?BT)Tt,
Var(Ey| Ey) = 2kgTEori(1 — ;) + a(ksT)*(1 — r;)>. (42)

At equilibrium, Cov(E}, Ey) = a(kgT)?r;, and the relaxation modes are generalized Laguerre
polynomials with rates nI';. The origin is inaccessible for o > 1 and accessible for 0 < a < 1.
Thus one-dimensional quartic and steeper traps require a no-flux reflecting boundary. Orbit

averaging is least uniform near this boundary.

A. Closed finite-time heat law

Prepare a gamma state with virtual temperature 6, and relax it at fixed A in a bath at

temperature T". Since W = 0, the absorbed heat is ) = E; — Ey. Define
¢ =1—ry, w = kge(T — b)), b= kicHoT. (43)
The exact heat moment-generating function is
Mqg(s) = <eSQ> = (1 — s — b32>_a : (44)

The harmonic family of Ref. [16] has oo = d for one particle and o = Nd for N independent
particles; o = 1 is its one-dimensional single-oscillator case. The nonharmonic energy family

of Ref. [17] supplies fractional a.. For any homogeneous dimension,

Mo(s) = (1= e45) (1 +¢_5)™,

V2 +4b £+
. “*2“ (45)
For t > 0, the transform exists on
—eTl<s<ell (46)
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at t = 0 the heat distribution is §(g). Hence @ is the difference of two independent gamma

variables of shape a and energy scales €, and €_. The inverse transform is

jl°"'? exp{g(e=" —e3)}

PO = T e (es T e )P
< Eooyn et + 7). ()
The mean and variance are
(@) =ap,  VarQ = a(u®+20). (48)

The heat law satisfies the exchange fluctuation relation [16, 39]. Our @ is positive into

the system; Ref. [16] uses the opposite heat sign.
= Eb< e o 49
pt(—Q) P kst kT 1 ( )

B. Wrong-way heat probability and large-/N limit

For heating, a Clausius-sign event has ) < 0; for cooling, it has () > 0. Let

z:;<1_\/%>. (50)

The probability of such an apparently reversed heat event is
Pwrong = Iz<a7 Oé), (51)

where [, is the regularized incomplete beta function. It approaches 1/2 at short times, while
at long times z = min(6y, 7)) /(6o + T').

This event is an apparent violation of the macroscopic heat-flow direction. Negative total
stochastic entropy production is a distinct event that also includes the system-entropy change.
For a total-entropy-production variable obeying the strong detailed fluctuation theorem,
Ref. [21] gives tight bounds on P(X < 0).

For N independent identical units, any = Naq, all heat cumulants are extensive, and

li !
— 111m
N—oo Ny

In Pyrong = — In[4z(1 — 2)]. (52)

In the long-time limit, Mq(s) = [(1—skgT)(1+skgby)]" V. Heat in a single relaxation stroke
is an endpoint difference, so it has no nonzero time-extensive scaled cumulant generating

function. Long-time statistics require repeated cycles or continuous forcing.
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(a) Heat into the system (b) Macroscopic suppression

1.0 { wrong-way tail — a=0.75 .
10—2 4N e
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0.0 T T T T f 1078 T T T T T
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Q/(kgT) number of units N

FIG. 2. Finite-time heat statistics. (a) Exact densities for heating from 6y/7 = 0.35 at I';t = 1. (b)

The Clausius-sign probability from Eq. (51); the dotted line is its large- N rate approximation.

C. Closed entropy-production distribution

Equation (26) is a path integral for a general protocol. The fixed-control gamma relaxation

admits a closed endpoint representation because

Ht =T+ (90 - T)rt; Zt =cy + AtEt + BOEO) (53)
where
T - 91& 90 - T
=My ' kpOT 0= %sT0, (54)

Using the joint endpoint transform of the CIR process gives

Ms(z) = <e_zzt> = e (1 4 byz — mx2?)™Y,
O =T (6o —T)°
T 6,7

Define the positive dimensionless scales

/s, (1 —ry), my, = re(1—1ry). (55)

O+ dmy £ 4
R (56)

P+ = 9

V< 2z < p7h Mg(z) = e7#2(1 + py2)~%(1 — p_2)~%, and equivalently

Then, for —p;
)3 4 cs + prG1 — p_G, for independent unit-scale gamma variables G, G5 of shape «. For

r = 0 — ¢y, the density is
‘a—1/2

Po(o;t) = A2 o(5(2! = p2))

— VED(@)\/prp=(ps + p-)o1/?

X Ko 172 [@(Pll + PZI)] : (57)
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The limiting degenerate cases follow by continuity. In particular, Py = §(o) at ¢ = 0 or
0y = T. Writing P, for the gamma energy law at virtual temperature 6, the first two

cumulants and the integral fluctuation theorem are

(X¢) = cs + als = Dxi(Py, || Pr) — Dxu(Ps, || Pr) 2 0,
Var ¥, = a(% + 2my), Mx(1) = 1. (58)

D. Strong-DFT exchange entropy

The endpoint entropy >; above is the total stochastic entropy production of the one-way
relaxation process. Its detailed theorem compares distinct forward and reverse ensembles
through Eq. (27). The heat exchange relation (49) supplies a second, reversal-odd observable
that obeys a strong DFT inside a single distribution:

3, o= ( Lo 1) Q, Blo) _ o (59)

This distinction fixes which uncertainty relations may be applied without importing a

self-reversal assumption into Pg(0;t).

Introduce the single nonnegative nonequilibrium contrast

(T —6p)* (1 —u)? b
Tieo—(l—rt)T, U= (60)

L=(1-e"td)
The Bessel- K gamma-difference distribution and its strong DF'T are established for power-law-
trap exchange entropy [21]; its generating-function and moment structure also belongs to the
known gamma-difference/variance-gamma probability family [40, 41]. Here we reparametrize
that family by the single contrast L. The formulas below collect the resulting all-order
cumulant recurrence and exact gamma-family uncertainty and sign identities in the present
stochastic-thermodynamic notation, together with their comparison to the distinct total

production ;.

The complete exchange-entropy statistics collapse to
Gu(s) = (™) =[1 = Ls(1+ 8)|™%,  Gu(s) = Gu(~1—5). (61)

The symmetry includes G(—1) = 1. For L > 0, the moment-generating function exists on

_1+,/1+4/L<s<—1+,/1+4/L (62)

2 2 ’
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and its cumulant-generating function is K,(s) = —aIn[1 — Ls(1 + s)]. Define

_ VIPFALEL
- ; ,

ym (63)

Then X 4 n+G1 — n_Gs for independent unit-scale gamma variables of shape . Its density

18

P( ) |O|a—1/2e0/2
x\0) =
vV L(a)/men=(ng +n-)21/2
o _ _
X Ka-1/2 [’2‘(77+1 + 77_1)] : (64)

The exponential tilt e?/? displays the strong DFT directly.

E. Cumulants, apparent violations, and uncertainty gaps

For any random variable X, we define the cumulant-generating function and its cumulants

b
’ X L K (X)
Kx(s):=1In <e5 > =

n=1

S (X)) = K (8)] e (65)

Equation (61) then gives every exchange-entropy cumulant in one line:
k(D) = a(n — D! [0} + (=1)™"]. )
The first four reduce to polynomials in L,

K1 = aL, Ko = aL(L + 2),
k3 = 2aL*(L + 3), kg = 6aL?(L* + 4L + 2). (67)

Writing m = (2x) and V' = Var ¥, eliminates L and exposes an exact hierarchy:

2

V =2m + m—,
o)

2m(V +m)  6m* 2m3

/{3 - - + D )
o) a oY

6 12m?  24m*  6m?
Ky = —(V?—2m?) = e — (68)

o) a o) o)

More generally, the two characteristic scales are roots of 7> — Lr — L = (. Their power-sum

recurrence gives, for n > 3,
Kp = (n—1)Lkp_1 + (n — 1)(n — 2)LE,_s. (69)
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Consequently, for L > 0, the signal-to-noise ratio, skewness, and excess kurtosis are

(Zy) | aL
VVary, VL+2
_ 2VI(L+3) _ 6(L*+4L+2) (70)
T = \/&(L+2)3/27 ! = O{(L—|—2)2 .
An even shorter hierarchy follows from the normalized squared signal-to-noise ratio
1 m? L m
= —— = = 0<x<l 71
XTaV T L12 mt2a =% (71)
The two non-Gaussian shape parameters are then simply
3= 3(1+2x — X2
7127\/% X)v Y2 = ( X=X ) (72)

N o

These three dimensionless observables retain a finite far-from-equilibrium fingerprint: as
L — o0, the signal-to-noise ratio tends to /a, the skewness to 2/+/«, and the excess kurtosis
to 6/a. At L =0, P(0) = §(0); standardized statistics and noise-to-signal ratios are then
undefined, and all L — 0 statements below are limiting statements.

A negative exchange-entropy event, equivalently a wrong-way heat event, is >, < 0. It is
distinct from ; < 0, the negative-total-entropy-production event. Indeed, with ¢ =1 —r;
and v = 60;/T = 1+ (u — 1)ry, their means obey

(3,) = acﬂ, (3 =« [ln L (u— l)c} : (73)

u (7

For x = ¢(u — 1) /u, their difference is a[|—z — In(1 — z)] > 0. For L > 0, define

1 L
szg(l_,/m), (74)

its probability and large-deviation rate per gamma-shape unit are

P <0)=TIL(o,«),

li !

L
InP(Sen < 0) = In (1 4 4) . a=Na. (75)

Thus the probability, its macroscopic rate, and all standardized cumulants use only the usual
suspects (ferr, [yt,00/T). At L = 0, instead, P(Xx < 0) = 0; Eq. (75) and its large-N rate
assume fixed L > 0.

The exact noise-to-signal ratio is especially transparent:

Vary, L+2 2

1
oF el (o ta (76)

20



For a random variable satisfying the strong DFT, the tight fluctuation-theorem TUR is [20]

VarZ ) 1 —1 _ g
W > csch {Qh ((Z))] : h(a) = atanh 0 (77)

Equality requires the DFT-compatible binary distribution

e¥25(X — a) + e ?5( + a)

P,(X) = D) = h(a/2).
() 3 cosh(a/2) , (¥) = atanh(a/2) )
The same extremizer gives the tight sign bound [21]
1 (%)
> — SR
P(X <0) 5 [1 PETIEN) )

for a non-atomic law. More generally, the left side is P(X < 0) + P(X = 0)/2. The present
gamma-difference family has an absolutely continuous, non-atomic law for finite a;, L > 0, so
it cannot attain either binary equality condition. Its multiplicative gap from the tight TUR
1S

1

L+ 2 inn? Shen) > 1 (80)

al

The familiar parabolic expression 2/ (3) also happens to be satisfied here, with the exact

®DFT(047 L) =

additive gap 1/« and ratio

Var %,/ (5,)? L
iy L+ 3 (81)

The additive gap 1/« vanishes as N~! for N independent units, but this does not imply
saturation at fixed intensive contrast L: the ratio in Eq. (81) remains 1+ L/2. Saturation in
the thermodynamic limit additionally requires L ~ o~ !, so that the total mean m remains
fixed while each unit approaches equilibrium. Near equilibrium, both the tight DFT bound
and the parabolic benchmark reproduce the leading 2/m divergence. Far from equilibrium
the tight binary bound becomes exponentially small and the parabolic benchmark misses the
finite 1/ noise floor. The tight DFT TUR remains universally valid; this gamma-difference
family also happens to remain above the steady-current parabolic benchmark introduced in
Refs. [42-45]. Both inequalities become diagnostically weak here, while the exact hierarchy,
standardized shape, and sign probability retain distributional information [20, 22, 23, 46, 47].

There is also an important optimization caveat. At fixed o, Eq. (68) shows that reducing
m reduces the absolute variance V', but the relative variance V/m? = 2/m + 1/« increases
and the signal-to-noise ratio decreases. Moreover, >, is a fixed-control exchange variable,

whereas the minimum-work problem below minimizes the mean total pathwise production.
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FIG. 3. Exchange-entropy statistics. (a) Exact wrong-way-heat probabilities (solid) and the binary
strong-DFT floors (dashed). (b) The exact relative variance, the parabolic benchmark, and the
tight binary-saturating DFT bound. The growing separation quantifies why a satisfied TUR can

carry little far-from-equilibrium information.

Thus Eq. (76) does not by itself provide a second variational proof of the Carnot construction.
A work identity can be inherited only under an additional trajectory-level tight-coupling
relation, as demonstrated for the constrained Otto cycle below.

For thermal exchange the current form is especially clean. With affinity

1 1
A= ksby ksT’

Dy =

AQ, (82)

the affinity cancels from the relative uncertainty, yielding the current—entropy-production

identity
V 2 1
Vag 2 1
@° () «a

This is an exact finite-time heat-current identity for the gamma-difference family, not a

(83)

generic current TUR.

VI. RECOVERY OF WORK AND JOINT HEAT-WORK STATISTICS

The next three sections use the phase-volume framework as an analytic consistency test
against established oscillator results; they are retained in the main text to display the

complete stochastic-thermodynamic chain from fluctuations to control and engines.
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For a driven homogeneous system,
W= / a)E,dt, Q=E, — Ey—W. (84)
0
The affine structure reduces every transform to one Riccati equation. Define

G(t,E) =Eg exp {—SET — Z/T c(u)E, du}
t

= exp[—¢(t) — p(¢)E]. )
The backward equation gives
¥ = (g — a)y + DokpTy® — zc(t), Y(r) =s,
¢ = —T,akpTY, ¢(r) =0. (86)

For an initial gamma state with virtual temperature 6y,

<exp {—SET _ /0 "CE dt]> — ¢~ [1 + kpBow(0)] . (87)

Setting ¢ = a yields the work transform of Ref. [19]. The joint Laplace transform
Mow(u,z) = <e’“Q*ZW> follows by solving Eq. (86) with terminal value (1) = u

and functional coefficient z — u:
Maow(u, 2) = e ?O[1 + ko ((0) — u)] ™. (88)

This transform is valid before Riccati blow-up and in the domain 1 + kgfy[(0) — u] >
0 (with analytic continuation only where the corresponding expectation remains finite).
Equations (86) and (88) recover the oscillator and engine transforms of Refs. [19, 25]; they
belong to the broader counting-statistics treatment of stochastic work and engines [48]. The
protocol changes the Riccati trajectory, I'; sets its clock, and « multiplies its cumulant

generator.

A. When a work TUR exists

A work uncertainty relation is not obtained by merely renaming heat. For a one-bath driven
process prepared in equilibrium, the forward-reverse path ratio identifies the dimensionless
entropy production as

S=pW-AF), B=(keT)™". (89)
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Accordingly, whenever the protocol and reverse ensemble give the strong DFT needed by
Eq. (77), the dissipated work Wy;ss = W — AF inherits the same relative-variance relation.
For a time-symmetric one-bath cycle, AF = 0 and this is directly a work TUR. For a general
protocol, however, Crooks’ theorem compares distinct forward and reverse work distributions;
a one-distribution strong DFT and its tight bound do not follow automatically [37, 49].
For a cyclic two-bath engine, take Qi > 0 into the system and Wy, > 0 delivered by it.

Energy conservation and reservoir entropy give

Zcyc = QH(BC - BH) — BCWoub (90)

Thus work alone is generally not proportional to entropy production: its uncertainty depends
on the joint covariance of Qg and W, which Eq. (88) can generate. If the joint antisymmetric
current X = (Qp, Wou)" obeys a strong DFT, with mean ¢ = (X) and covariance C, the

multidimensional form is

€= [((Sae)aa" 20, f(x) = eseh2[5h7 ()], o)

and in particular Var W,/ (V[/Out)2 > f((Zeye)) [20, 50]. This remains a bound. Only under
trajectory-level tight coupling, We, = nQ g with nonfluctuating n, does

e = (2 =1) o 10=1- 72 (92)
so that a scalar entropy-production TUR becomes a work TUR. The finite-time Otto
construction in Sec. VIII A provides an explicit realization; heat leaks, incomplete tight
coupling, and nonadiabatic work fluctuations restore the multivariate or time-dependent

problem [50, 51].

VII. RECOVERY OF MINIMUM WORK AND ORBIT-ADIABATIC BOUNDARY
LAYERS

Consider an isothermal compression from \; to Ay > A; in time 7, beginning in equilibrium.

Introduce

1A
A—iln)\ii,

The Euler-Lagrange equation has an exponential interior solution that cannot satisfy all

g=T,r. (93)

endpoint conditions at finite g. Boundary layers are therefore required, as in earlier finite-time
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optimal-control and irreversible-work problems [52-55]. Let 0 < £ < 1 be the unique root of

A=gf—2In(1-¢). (94)
The Salazar-Lira optimum [17] is
(s A _
( ) = f, = (1 _ 5) 27
T
A(t) = A(01)e? et 0(t) = ¢ 0<t<T). (95)
Its minimum work and irreversible part are
W) i =2 9§
A /min g 14
Wiy = (W) ., — aksTA. (96)
The final layer leaves a nonequilibrium scale
+ r -2
o(rF) = T Di(Prt || Peg ) = a[(1—€)72 = 1+ 2In(1 - §)] . (97)

Thus the optimization constrains the final control value while leaving final equilibration
free. Subsequent relaxation at fixed Ay costs no work and dissipates precisely this residual
nonequilibrium free energy.

The boundary transformation must respect the same scale separation that produced the

energy diffusion. If 7,y is its duration, the controlled regime is
Thast < Tlayer < L €

Heat is negligible while many Hamiltonian periods still justify Eq. (35). A literal instantaneous
stiffness quench is phase dependent and lies outside the scalar energy model. In this multiscale
sense, variational calculus selects an isothermal exponential interior connected to two orbit-

adiabatic layers.

VIII. CONSTRAINT-SELECTED OPTIMAL PROTOCOLS

The two jumps in Eq. (95) are one member of a larger control taxonomy. Write y = In ¢,

so that § = a. An ordinary-control regularization takes a € L>°[0,7], a_ < a <ay, 0(0) =T,
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(a) Minimum-work compression (b) Endoreversible Carnot (c) Otto constraint
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FIG. 4. Finite-time control. (a) The minimum-work isotherm has two orbit-adiabatic boundary
layers and an exponential interior. (b) Two constant-internal-temperature isotherms joined by
adiabats form the endoreversible Carnot construction. (c¢) Fixed-control heat contacts joined by

orbit adiabats impose an Otto cycle.

fixed y(0) = In¥; and y(7) = In ¢y, and free terminal §(7), hence the transversality condition

7(7) = 0. On the thermal manifold the isothermal mean-work problem is

min (W) = akp /T af dt, 0= (a—T,)0+T,T, Y = a. )
a 0

For the costate m conjugate to # and the constant costate v conjugate to y, the control

Hamiltonian and switching function are

H = akgad + w[(a — )0 + T, T] + va,

OH
o = e O(aks + ) + v. (100)
The costate equation gives
® = I [T (ckp + 7) — akgh]. (101)

On a singular arc, ® = & = 0. Since v is constant, these conditions require

T
0 = 5, = constant, as =1 <1 — 0) : (102)

The generalized Legendre-Clebsch condition evaluates to

b
— 5 = 2Lakpf > 0, (103)

so the singular arc is locally minimizing. The exponential interior of Eq. (95) is therefore

a singular isotherm in energy space. With finite rate bounds, standard Pontryagin theory
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selects ordinary bang and singular arcs; the orbit-adiabatic endpoint layers of Sec. VII arise

only after the large-bound limit is taken while preserving Eq. (98). This establishes the local

extremal geometry, while global selection still requires feasibility and cost comparison.
Changing the admissible controls changes the geometry. For hard rate boundsa_ < a < ay,

the Hamiltonian is affine in a and the minimizing candidate obeys

a_, ®(t) >0,
a*(t) = qas, ®(t)=0on an interval, (104)
ay, q)(t) < 0.

Depending on feasibility and switching signs, the solution may be bang—bang or bang-singular—
bang. Bounds on stiffness can also make some endpoint pairs unreachable in a prescribed
duration, as occurs in bounded Brownian-trap control [56]. General constrained-engine and
limited-control formulations are developed in Refs. [57, 58]. If actuator effort is assigned the

quadratic cost (x/2) [ a?dt, stationarity instead yields the finite feedback candidate
<a,, (105)

with clipping at the rate limits. The parameter y regularizes the boundary layers; smoothness
beyond continuity depends on the active-set transitions.

Several experimentally distinct objectives fit the same playbook. A hard heat-current
limit constrains

Q| = aksly|T — 0] < Jmax, 106
q

and creates constant-flux boundary arcs. State bounds A\_ < A < A\, create dwell arcs at the
admissible trap edges. Requiring 6(7) = T changes the terminal transversality condition and
removes the free residual relative entropy in Eq. (97). Minimum-time control with bounded
a or bounded bath temperature is bang dominated because the controls enter the state
equation affinely; related bang—bang thermal connection problems are discussed in Ref. [59].

A fluctuation-sensitive design can use
Tecla = W)+ 5 [aPat +¢Varw, (20, (107)
0

where Eq. (86) or an augmented moment system supplies the variance. The resulting extremal

depends on the fluctuation costate and need not retain a constant-6 singular arc.

27



Cycle names become precise only after the admissible stroke manifolds are specified [60, 61].

On the gamma manifold their mean thermodynamic dictionary is

d(F) = akgdb, oW = akgf dy, 0Q = akg(dd — 6 dy), ds = 5;2 (108)

Thus a = ¢ = 0 selects an isochore, I' = 0 selects an orbit adiabat, and § = 0 during bath
contact selects an energy-space isotherm. Otto admissibility is the complementarity condition
that mechanical driving and bath contact never act simultaneously; Carnot admissibility
permits simultaneous driving and contact on two prescribed branches. The remaining families

require additional global or stroke constraints:

Carnot: bath-coupled isotherms and isolated orbit adiabats; the continuous optimization

selects singular contact arcs and contact times within this architecture [25, 62, 63].

Otto: fixed-\ thermal contacts and isolated orbit-adiabatic changes; the finite-contact cycle

and its compression ratio are solved below [64-67].

Stirling: bath-coupled isotherms and fixed-\ thermal switches; ideal recovery additionally

requires a prescribed regenerator [68-70].

Ericsson: isotherms and isobars; a physical volume-pressure control and a regenerator must

be supplied [71, 72].

Brayton—Joule: isobars and isolated adiabats; physical pressure control and its switching

costs must be supplied [60, 73].

Smooth quadrature: simultaneous mechanical and thermal control over a fixed period,
with prescribed mean virtual temperature, RMS mean-energy rate, and RMS relative

thermal drive; the loop follows from the global optimization in Sec. X F.

These constraints define the named architectures; they are not claims that unrestricted
variational calculus selects their topology. Limited-control and global cycle optimization are
distinct problems [57, 74-76].

The five textbook architectures have been unified previously at the quasistatic level,
including arbitrary-order fluctuation relations for small heat engines [61]. The purpose of
Fig. 5 is to hold the finite-time CIR reduction fixed, make the extra control constraints

explicit, solve the corresponding periodic scale maps, and record which optimizations remain
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closed. The sixth panel adds a continuous-control counterpart selected by global quadratic
budgets. The atlas itself is organizational; finite-time identities are established cycle by cycle.
For comparison on one physical pressure-volume model, consider the homogeneous ideal-

gas phase volume

—je Nkg0
QE,V)=CVVE, (=4 (V) (= Yhm6 (109)
Vo V
It has
C N
Cy = OékB, Cp = (Oé aF N)]{B, Yad = e 1+ —. (110)
CV o

With x = In(¢/¢y) and z = In(0/T¢), the four stroke slopes are

%
dx

%
’ dx

BE
T dx

%
dx

=¥ (111)

Ty N v N s I
Here Ty denotes constant virtual temperature, and the isobar is a constant ensemble-mean
pressure. Isotropic dilation, or sufficient mixing to erase directional energies, is required for
this scalar closure.

The six examples have different levels of stochastic closure. Carnot and Otto remain
inside constant-coefficient CIR segments, and the Otto reset limit gives an elementary closed
work law. Stirling is exact through a product of four fractional-linear Riccati maps. Ericsson
and Brayton have exact gamma-manifold corner maps and mean thermodynamics; their
fluctuating mean-isobar work is a time-integrated functional represented by a time-dependent
Riccati propagator. The smooth quadrature cycle has an exact global mean optimum and
becomes an autonomous CIR process after normalization and a deterministic time change; its
integrated-work law still uses a time-dependent Riccati propagator. Thus the atlas compares
admissible controls and exact mean optima without implying the same closed trajectory
distribution for every architecture.

For a two-temperature engine, each bath-contact work extremal selects a constant virtual
temperature through Eq. (102); Eq. (35) supplies a zero-heat connector. Consequently,
within a four-stroke architecture containing one contact with each bath and two orbit-
adiabatic connectors, stroke optimization recovers two endoreversible isotherms and Carnot
geometry. The derivation selects the shape of each admissible stroke; it does not prove

that an unrestricted global optimization over bath switching, stroke number, and ordering

selects the four-stroke topology itself. Rate bounds replace jumps by finite bangs, finite
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FIG. 5. Six-member constraint atlas in the coordinates x = In(¢/{y) and z = In(0/T¢). The
independently scaled schematic panels use a/N = 3/2 for the physical-gas cycles. Isotherms are
horizontal, isochores vertical, isolated orbit adiabats have unit slope, and ensemble-mean isobars
have slope —a/N. Colors identify bath-contact branches and the sign of their mean heat. In panel
(f), the continuously varying color records the signed mismatch (7" — 6)/6: blue rejects heat, purple
marks instantaneous thermal balance, and pink absorbs heat. Regenerative bookkeeping is treated

separately in the worked Stirling and Ericsson examples.

adiabatic times enter the cycle denominator, and heat leaks destroy exact endoreversibility.
The Curzon—Ahlborn result below belongs to the singular four-stroke limit of this constraint

family.

A. Worked example: a finite-time stochastic Otto cycle

The Otto architecture follows from a different, explicit control restriction: heat exchange
is allowed only at fixed \, whereas changes of £ = v/X are isolated and orbit adiabatic. Let

p="{y/lc > 1 be the compression ratio and x; = exp(—I';7;) for the hot and cold contacts.
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At the four corners A, B, C, D of the periodic thermal manifold,
Op = pla, Op = 0c/p,
90 :TH+<(93 —TH)XHa 9,4 :Tc‘i‘(eD—Tc)Xc. (112)

Solving the periodicity condition gives
_ Te(l = xc) + (Tu/p)xo(l = xu)

eA 1 )
— XHXC
Tr(1 — T 1-—
O — m( Xu) + pLoxu( XC)' (113)
1 —xuXc

The mean heats, output work, and efficiency are therefore
(1= xm)(1 = xc)

Qu = akp 1 (T — pTc),
— XHXC
1 1
QC — _@7 Wout — (1 - > QH; T’O — ]- - - (114)
p p p
The engine sector is 1 < p < Ty /T, and periodicity makes the mean system entropy change
vanish, so
Qu ( 1 1 )
D) = —  — ==— 1| = [ 115
Neglecting connector durations,
k 1 1— 1—
Py = QRB (1 i ) (TH . PTC)( XH)( XC). (116)
TH + Tc p 1 —Xxuxc

At fixed contact times and rates the last factor is independent of p; maximization gives

TH TC
ey =i =1y 117
=y mlr) =147 (117)

This recovers the Curzon—Ahlborn value previously obtained for classical and endoreversible
harmonic Otto engines [64-66]. Here it extends across the constant-Cy homogeneous family
under the stated Otto constraint; it is not a topology-independent theorem. Finite-time
Brownian Otto engines and their work cumulants have also been analyzed under different,
control-dependent relaxation laws [67, 75-77].

This cycle also supplies a genuine work-TUR example. In the complete cold-reset limit,
the energy just before compression is an equilibrium gamma variable at Ti>. The adiabats
give Ep = pE4 and Ep = E¢/p trajectory by trajectory, hence

Qu = Ec — pE4, Wout = (1 - P_l) Qu, Yeye = (ic — 5H> Qn. (118)

The hot-contact gamma-difference law has

(TH - pTC)2 Var Wiy _ Var QH = 2 aF l (119)

Lo=(=x) =i W (0n)  Cad @
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Closed fluctuation law at the optimal compression

Write Qy = (Qg). Eliminating the mean entropy production between Eqs. (115) and
(119) gives the directly measurable cycle law

Var W‘“;t _ VEKQQH _ 72kBPTCTH + l (120)
(Wout) Q Qu(Tr —pIc) o

At the compression optimum p* = /Ty /T¢, the explicit compression ratio disappears:

Var Q H
Qu

2%pT. 1
= Chii & — (121)

» Qu({Ta/Tc-1) @

Equivalently, the work affinity becomes the inverse geometric-mean temperature,

2 _ Wout Var Wout _ 2]{7]3\/ THTC 4 l (122>
Y kg /TyTo’ <W0ut>2 o+ (Wout) o

Model-specific work distributions and cumulants are known for other stochastic Otto en-
gines [67]; the special simplification here is the collapse of the relative variance onto
the mean current, the two bath temperatures, and the thermodynamic size a. Equa-
tions (120)—(122) contain no explicit duration because the hot-contact dependence is carried
by Qy = akg(1 — xg)(Tg — pTc); time has been eliminated in favor of the measured mean
heat, not removed physically.

A passive complete cold reset means yc = 0, reached by ordinary exponential relaxation
only as 7¢ — oco. The full-cycle entropy-production identity above is therefore a reset or
renewal limit unless an active preparation and its time and cost are included. At finite
cold-contact time the trajectory identity Wy = (1 — p~1)Qp survives, as does Eq. (83)
for the hot-stroke exchange entropy X, g = [1/(kppfa) — 1/(kgTh)|Qu; what is lost is its
identification with the total cycle entropy production. Finite-time nonadiabatic strokes and

heat leaks additionally destroy the heat—work tight coupling.

IX. FINITE-TIME ENGINE CYCLES ON THE GAMMA MANIFOLD
A. Endoreversible Carnot cycle and Curzon—Ahlborn performance

A one-bath cycle consumes nonnegative mean work. Engine operation requires at least two

temperatures or another nonequilibrium resource. Impose one hot contact, one cold contact,
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and two orbit-adiabatic connectors, and apply the variational construction of Sec. VIII to
each contact. The singular arcs select a hot expansion and a cold compression at constant
virtual temperatures. This recovers the endoreversible construction of Chen et al. [25] from
work-optimal strokes under that cycle architecture. The coordinate £ = VA = £k2/(412) gives
oW = EdIn/. If a residual bath remains coupled during adiabat j, the formulas below take

the singular hierarchy
Trast <K Téé) < Fj_17 ZTQ%) <L TH + T¢. (123)
J

The upper thermal bound is unnecessary if the bath is disconnected during the adiabats.
Each stroke still contains many Hamiltonian periods, while their total duration is omitted

from the displayed power denominator. If » > 1 is the ratio traversed by ¢ on either isotherm,

then
Ty cl'c
O = —T, 0 = ——T¢. 124
A I R ¢ rTo—Inr © (124)
The cold stroke requires 7cI'c > Inr. The heats are
Qn = akply(Ty — On)7H, Qc = akpl'c(Te — Oc) e (125)

This realizes Newton cooling. We define positive output power by P = — (Weye) /(T + 7¢)
and efficiency by n = — (Weye) /Qu. The engine sector is

Te < 0o <0y < Ty, (126)

which ensures Qg > 0, Q¢ < 0, and P > 0. Adiabatic matching gives endoreversibility,
Qu/0y + Qc/0c = 0. The power and efficiency are

CY]CB Inr THFHTH TcrcTC

g +7c |T5l'g +Inr Tl —Inr
1+ (tply) ' Inr Tp
1— (Tcrc)_l Inr TH

At fixed r, Ty, Tc, I'y, and ', optimization over the two contact durations yields

In T(\/FHTH T \/FcTc)

=N

(127)

= TavTo(WTs - vVIo) |
s In T‘(\/PHTH F \/FcTc)
TC =

CovTn (/T - vT0)
_ (VTu —VTc)®
Pmax — akBFCFH<m+ 5)27

[Te
=1—4/=. 128
TEMP Te ( )
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The last result is the Curzon—Ahlborn efficiency [78]. It follows here under constant bath
temperatures, gamma-manifold evolution, constant-6 contacts with equal logarithmic excur-
sion, negligible-time zero-heat connectors, and optimization over contact times only. Generic
low-dissipation engines have dissipation-asymmetry-dependent efficiencies [79]; stochastic-
engine optimization under other control assumptions gives other efficiencies [57, 80]. With
finite adiabatic duration, the denominator is 75 + T¢ + Tad.tor @and the durations must be
reoptimized. The limit » — 1 is nonuniform because the displayed optimal isothermal times
are proportional to Inr. The roles of the class parameters remain distinct: « scales maximum
power, the I' values determine optimal time allocation, and neither changes the efficiency at
maximum power within this singular cycle. Brownian Carnot experiments provide a related

finite-time setting [63].

B. Finite-time Stirling cycle
Constraint

Let R=1{,/¢_>1and A =InR. The Stirling architecture admits mechanical driving
only on a hot constant-6y expansion and a cold constant-0- compression; bath switching
occurs on two fixed-¢ isochores. This is the stochastic Stirling constraint used in Brownian-
engine theory and experiments [69, 70, 81]. The two isothermal durations are fixed by
closure:

Oy A OcA

T _ r__ gH 12
T T Ty —0n) " Tolbo —To) (129)

Periodic solution and thermodynamics

Write x;, = exp(—I'¢7)) and x4+ = exp(—I'ym) for the cooling and heating isochores.

Periodicity gives

(1= xp)Tu +x2(1 = x)Tc

QH - )
1 —xtxy
b = L= X)Te+ 30— Xx1)Tn
1 —xxy ’
1—x)(1 =
A = Oy — g = (Ty — Ty LX) 0 =X0) (130)
I—x1xy
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Without a regenerator, the exact mean cycle observables are

Wout = O!k‘BAQA,
QY = akp(0yA + AB),

O = _akp(0cA + AB),

S0 A0A

56T g A+ NG

o\ [0cA+A0 OyA+ NG
<zSt>_a[ 420 _Snr 28

(131)

A perfect-regenerator bookkeeping ideal stores and returns akgA6f on the two isochores. Its

external heats and efficiency become

0
8 akpfy A, 0f = —akpfcA,  niE=1-_—. (132)

Ideal regeneration is an additional component, familiar from endoreversible Stirling opti-
mization [82]. A finite-time regenerator must have its own stochastic state and entropy
production; deleting the isochoric bath heats while retaining the fixed-bath relaxation law

would mix two different models.

Optimization and finding

At fixed A and fixed total isochoric time 7y = 74 + 7, maximizing work is equivalent to

maximizing Af. The allocation obeys

Lrxt(1 = x1)* = Toxy(1 = xp)* (133)

For equal rates this yields the closed result

To FT()

T,F( = Tf = — WmaX(To) = CYkB(TH — TC)A tanh (4) . (134)

2 ) out

Retaining all four stroke times creates an interior power optimum. Under equal rates and
equal isochoric times, put s =I'rp/2 and b = (Ty + T¢)/(Ty — T). Then
tanh(s/2)

=akgl'(Ty —Tc)A 1
Psi(s) = akpl'(Ty — Tc) %5 + bA(e + 1)’ (135)
and its unique positive stationary point satisfies
25, + bA(e* + 1) = (24 bAe® ) sinh s,. (136)
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(a) Stirling constraint (b) Optimal contact allocation (c) Four-stroke optimum
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FIG. 6. Worked finite-time Stirling example for Ty /T = 3 and A = In2. (a) The constrained
cycle consists of two constant-6 work strokes and two fixed-¢ thermal contacts; the separate dashed
double arrow denotes ideal internal heat recovery, not a bath stroke. (b) At fixed total isochoric
time, the optimal allocation shifts toward the slower contact and becomes symmetric for equal rates.
(c¢) Including all four stroke times produces the interior power optimum of Eq. (136), shown for

equal rates and b = 2. Panels (b) and (c) use the finite fixed-bath, nonregenerative dynamics.

This is a genuine four-stroke finite-time optimum. If the corner temperatures are held fixed
instead, power increases monotonically with A toward a plateau, so a volume bound or

control cost selects the physical expansion [83].

Fluctuation status

Every Stirling stroke has constant CIR coefficients. The joint finite-cycle transform of
work and external heat is therefore an exact product of four fractional-linear Riccati maps.
Cross-stroke correlations remain in that product, so the two isochoric endpoint laws cannot
be multiplied as independent gamma differences. Because work contains two time-integrated
contributions, the scalar Otto reset identity has no Stirling analogue without an additional

tight-coupling or renewal condition.
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C. Mean-isobar primitive for a physical homogeneous gas

For Eq. (109), a prescribed mean pressure imposes V' = Nkgf/p. The gamma scale then

follows
= ;(T—Q), 0 =T + (6; — T)e T/ “2‘: zf (137)
The exact mean stroke thermodynamics is
(W), =—Nkg(0; — 0:),
(Q), = (a+ N)kg(0; — 0;),
(E)p:(a—i—N)[n?;—ef;ei]. (138)

This constraint fixes the mean pressure (p); the trajectory-level generalized pressure p(E, V)
continues to fluctuate. The work W = [ a(t)E; dt continues to fluctuate. Microscopic cycle

definitions based on generalized pressure are discussed in Refs. [60, 61].

D. Finite-time Ericsson cycle
Constraint

The Ericsson architecture alternates a cold constant-6. compression, a high-pressure
hot mean-isobar, a hot constant-0, expansion, and a low-pressure cold mean-isobar. Let
II = py/pr > 1. This imposed control class has been studied in endoreversible and stochastic

settings [71, 72, 84].

Periodic solution and thermodynamics

For R; = exp(—I'j7,;/7aa) and D =1 — Ry R, the two isobars give
(1 = Rc)TC = Rc(l = RH>TH

90 = D )
0, — (1 = RH)TH + RH(l = Rc)TC
h — )
D
1-Ry)1—-R
AG =0, — 0, = ( Hg c) (T — ), (139)
The constant-temperature stroke durations are fixed by closure:
N/a)In 1l N/a)InIl
(N/a)In __(V/e)hn -

TH = (Ta/0h—1) 77 Toll—To/8)
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Without regeneration, the mean cycle observables are

Wout — Nk'BAQ ln H,
Qu = Nkgb, InIl + (o + N)kpAd,
Qc = —Nkgf.In1l — (a + N)kpAd,

(0) i NAQ]DH
T Ng InI + (a + N)AG’

(29) = NInTI B O 4 (ot M)A (1—1). (141)
B TC TH TC TH

Perfect regenerative bookkeeping removes the two isobaric heats from the external budget
and gives ng® = 1 — 60./6,. As in the Stirling case, this familiar limit is the regenerative

benchmark. Equation (139) gives the finite fixed-bath model.

Optimization and finding

At fixed isobaric contact times, write

_ N/a N N/a
Pa(Tu/0h —1)  To(l—Te/b.)’

.AE = NkBAH, Bg Tp = Tp,H + Tp,C- (142)

The pressure-ratio problem is then

ApInll e _ 0 Jim Py = 2E. (143)

m)=—2——_
Ps(I) T+ BgInll’  Alnll ~ I Bz

Thus the unconstrained pressure ratio has no finite maximizer: a pressure or volume bound,
pressure-dependent relaxation, wall-speed limit, or superlinear actuation cost supplies the
missing scale. At fixed total isobaric time, Af is maximized by Eq. (149) below; equal
relaxation rates allocate equal times. Optimization of full power also differentiates the 6., 6y,

dependence of Bg and is generally implicit.

Fluctuation status

The two constant-6 strokes have elementary constant-coefficient Riccati transforms. On
each isobar, a(t) = —(N/a)8/6 is time dependent, so its exact transform is defined by the
corresponding Riccati propagator. This gives an exact joint MGF representation, while a

cycle-level scalar TUR equality requires trajectory tight coupling.
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(a) Ericsson in p-V (b) Isobaric corner map (c) Missing pressure scale
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FIG. 7. Worked finite-time Ericsson example for Ty /T = 4, Ry = Rc = e~ !, and a/N = 3/2. (a)
The physical-gas cycle in ensemble-mean pressure—volume coordinates. (b) The exact periodic corner
temperatures and their normalized separation as the isobaric contact time is increased. (c¢) Both
normalized power and nonregenerative efficiency approach plateaus with In II; the unconstrained
model therefore selects no finite pressure ratio. The plotted thermodynamic loop is exact at the

gamma-manifold mean level; trajectory work on each isobar remains a Riccati path functional.

E. Finite-time Brayton—Joule cycle
Constraint

The Brayton—-Joule architecture alternates isolated orbit-adiabatic compression, a high-
pressure hot mean-isobar, isolated orbit-adiabatic expansion, and a low-pressure cold mean-

isobar [60, 73, 85]. Define

M=LE =[O D/ma = [V@N) | R = ¢ Timi/ma, (144)
PL

Periodic solution and thermodynamics

Put ¢;=1—R;, D=1— RyRc, and € = cyce/D. The exact corner map is

93 :T’HA, 90 :CHTH+RHTOA,
T T
0p = 0c/r, g, = cict (};Ccﬂ/r) L (145)
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It implies

QH = (Oé -+ N)]i]BéT(TH — T’Tc),

ch—iQH, Wout = (1—1> Qm, B = —17
7 T 7
B (Ty — rTC)2
(3B) = (a+ N)e ToTn (146)

The engine domain is 1 < r < Ty /T. These mean and corner relations are exact on the

gamma manifold; the fluctuating isobaric work remains a temporal functional.

Optimization and finding

When the contact factors and cycle duration are independent of II, power and work share

the pressure-ratio optimum

Ty T, (EART AT T
* _ II* = el — g —. 14
" TNT (ﬂ) B T 24z

This recovers the Curzon—Ahlborn value in a Brayton constraint class under fixed contact
factors and pressure-independent cycle duration [60, 73, 85], while the optimal physical

pressure ratio retains the universality parameter o/N. At the optimum,

W*
W, = (a+ N)kge(y/Ty — \/Tc)?, Yp) = —2 148
t ( ) B ( C ) < B> kg \/m ( )

The second relation is a mean identity. Work on the mean-isobar is not trajectory-wise
proportional to the endpoint heat, so it does not by itself imply the Otto work-TUR equality.

For fixed 7y + 7¢, maximizing the contact factor gives, with © = T'y7y/7.q and y =

L'eTe/Yad,
L'y

r
“Heoth £ — coth 2 i y} = {coth Y _ coth Tty : (149)
Yad 2 Yad 2 2

Equal rates give 77; = 74. Finite connector times that grow with InII, pressure-dependent

rates, or wall-speed bounds shift Eq. (147).

Fluctuation status

The four corner marginals and the displayed mean thermodynamics are exact on the
gamma manifold. Isobaric work, however, is a time integral with a time-dependent coefficient
and is determined by a Riccati path transform. Without an additional trajectory-level

tight-coupling condition, the mean identity in Eq. (148) is not a scalar work-TUR, equality.
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(a) Brayton-joule in p-V (b) Class-dependent optimum (c) Optimal contact allocation
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FIG. 8. Worked finite-time Brayton—Joule example for Ty /T = 4. (a) The ensemble-mean

pressure-volume loop at the optimum for a/N = 3/2 and Ry = Rc = e~ L.

(b) The maximum
dimensionless work and efficiency occur at the same thermal ratio for every homogeneous class,
while the physical optimum IT* shifts with «/N. (¢) At fixed total contact time, unequal relaxation

rates shift the optimal hot-time fraction according to Eq. (149). The pressure-ratio result assumes

fixed contact factors and a pressure-independent cycle duration.
F. Globally optimal smooth quadrature cycle

Chen and Quan’s maximum-power problem under stiffness and bath-switching constraints
selects a different optimal topology with an additional isochoric relaxation [26]. Accordingly,
“global” below means global only among the closed gamma-manifold loops satisfying Eq. (152),
with the positivity domain in Eq. (157); actuator, stiffness, temperature, and switching
bounds are not part of this theorem.

The first five atlas entries prescribe familiar stroke topologies. We now pose an exact
continuous-control exercise on the same gamma manifold: find the closed loop, including
both the confinement and bath-temperature waveforms, that delivers the greatest mean work
under experimentally legible quadratic budgets. This formulation is related to finite-time
Brownian control and periodic heat-engine optimization [57, 74, 75, 80]; the result below is

the closed-form solution of the present homogeneous energy-space problem.

Constraint

Let

x = 1n(l/ly), z=1n(0/Tc), s=z-—uw, u=——1 (150)

|4
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The gamma-manifold equation and the entropy differential in Eq. (108) become
i = 2 = Ty, s =Tu. (151)

For precision, the admissible class consists of positive 6§ € ngr(O,T) bounded away from
zero and u € L2, (0,7) with (u)_ =0 and 1+ u > 0 almost everywhere. The bath control

per

is T = 6(1 + u), and the confinement coordinate x € H!

ser(0, 7) is reconstructed, up to an

additive constant, from Eq. (151). Over a fixed period 7 = 27 /w, denote (g), = 771 [; g(¢) dt.
The closed-loop conditions z(t + 7) = x(t) and 0(t + 7) = 0(t) imply (u), = 0 through
Eq. (151). We then impose

<9>7- = 9_, <92>T = Rgv <u2>T = M>. (152)

Here akp Ry is the RMS rate of change of mean energy, whereas M is the RMS fractional
mismatch between the bath and the state. The controls 0(t) and u(t) are optimized; the
physical controls T'(t) and ((t) are reconstructed from Eq. (151).

The positive output power of any periodic admissible loop is

<L1/>cyc

T

Pl = — = akpl'(0u), = akpT (0 — O)u),. (153)

Cauchy—Schwarz and the periodic Poincaré-Wirtinger inequality [86] give the global bound

= T,RoM
Pam < akply M/ (0 — 0)2), < akplReM (154)

w
Optimal solution
Introduce the dimensionless amplitudes
€= \/5{%", 6 =2M, h=Ldd (155)
wl w

Equality in both steps of Eq. (154) fixes a single Fourier mode and places the thermal

mismatch in phase with it:

0.(t) = O[1 + e cos(wt)], us(t) = d cos(wt),
T.(t) = 0[1 + € cos(wt)][1 + 6 cos(wt)],
2.(t) =1In 7?0 + In[1 + € cos(wt)], Z4(t) = xo + 24(t) — hsin(wt). (156)
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Thus the quadrature component of x, is derived from the optimization; it was not prescribed
as an orbit. The regular engine domain
0<e<l1 0<i<l <= R<we_ M<1 (157)
€ ) T =
) V2

keeps both 6, and T, positive. Within the admissible periodic space just stated, the equality
conditions of Cauchy—Schwarz and Poincaré-Wirtinger make time translation and the additive

constant zy the only degeneracies of the maximizing loop. The maximal power and work per

cycle are

kgl RyM  akgl' el .
prax _ helofolM _ kBl 00 - pymax _ gy e, (158)

w 2 out

Thermodynamics and finding

Heat absorption occurs on the half-cycle u, > 0 and rejection on u, < 0. Direct integration

gives
Q. = akplh (2 n W;) , O = akgbh (—2 + W;) :
Wihex 2me
— max — ou — . 1
Q+ + Q Wout ) Tlsm Q+ 4 + e ( 59)

This is a continuously temperature-programmed reservoir, so (), and ()_ are positive- and

negative-heat sectors of that programmed contact. The displayed efficiency excludes the

energetic cost of operating that thermostat and carries no two-reservoir Carnot interpretation.
The exact mean dimensionless entropy production is

T ui(t) 2ral 1 2ral 1
Yem) = aly | —2—dt = 2 —1| = d —1|. (160
B = ol 0 14 u.(t) w [\/1—52 1 w [\/1—2M2 ] (160)

The RMS mismatch in Eq. (152) is therefore a quadratic control budget, not fixed entropy

production. Replacing it by a fixed value of the nonlinear functional in Eq. (160) produces a
nonlinear optimizer; Eq. (156) is its controlled weak-mismatch limit.
An outer optimization becomes closed when the experiment fixes the extrema T},., and

Timin of the programmed bath. Write ¢ = tanh a and 6 = tanh b. Then

1 Tmax kgI’ Tmamein o 2
a—l—b:§h1T : P:lnf":a £l > sinh a sinh b. (161)
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At fixed span the rate and mismatch budgets split equally:
a* =b" € =0"=

max OkBLy (2 . 2me*
Pspan = ] ( Tinax — Tmin) ) Nsm = m7

& 1 Tmax
Yo = aly {cosh (4 In Tmin) — 1} . (162)

The experimentally useful conclusion is a balance law: with a prescribed temperature span,

maximum power assigns equal logarithmic amplitude to state slew and bath-state mismatch.

Fluctuation status

The normalized energy and operational time

Et t T 5 '
Y, = =T 1+ u, — T il 1
S @) ut) =T, /0 [1+ ()] dr = Tt + —1= sin(wt) (163)

reduce the driven process exactly to
dY = (e —Y)du+ v2Y dB,. (164)
In its periodic gamma state, ¥; ~ Gamma(«, 1) and

Cov(Y3, Yy) = avexp[—|u(t) — u(t)]],
Cov(E;, Ey) = akif,(t)0.(t) exp[—|u(t) — u(t)]],
Corr (Yigns, Y;) = e a7, (165)

Consequently the cycle-work variance is the exact double quadrature
Var Weye = akiy / / 0. ()0, (1), (1) 2 () MO gt d¢', (166)
0Jo
Higher work cumulants follow from the time-dependent affine Riccati propagator. Equa-

tion (166) is exact and does not assume Gaussian work or a scalar TUR equality.

G. Cross-cycle comparison

The atlas separates three different appearances of the Curzon—Ahlborn number. Carnot

obtains it by optimizing two finite-time isothermal contact durations. Otto and Brayton
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obtain it by optimizing a mechanical ratio while holding their thermal contact factors fixed.
Stirling has instead an interior contact-time optimum, Eq. (136); Ericsson exposes a missing-
scale diagnosis, Eq. (143). The smooth cycle optimizes the entire closed waveform and
saturates a global Poincaré—Wirtinger bound; a fixed temperature span then selects equal
logarithmic state-slew and mismatch amplitudes. These are distinct constrained variational
statements. Their quasistatic fluctuation relations belong to the general phase-volume theory
of Ref. [61]; the finite-time results here retain the kinetic scales I'; and the corner correlations

carried by the CIR propagators.

X. INDEPENDENT SUBSYSTEMS AND INTERACTION NETWORKS
A. Independent subsystems

At fixed controls, let independent subsystem energies obey

Their equilibrium total energy has shape aios = >; . For arbitrary rates, its drift and

quadratic variation are
biot = kgT Y Ty — Y TLE;,

For nondegenerate independent partitions, both depend only on Ei, for all states if and only

if all I'; are equal. The total then closes as

dEtOt = F(O{tothT — Etot)dt + \/ QFkBTEtOt dB (169)

If the rates differ, the unresolved partition remains in Eq. (168), so Ey. is generally non-
Markovian by itself. Under driving, scalar closure further requires common protocol drifts
a;(t), or a relation making Y, a; E; a function of Ej.

For a common rate, the equilibrium fractions satisfy

i

~ Dirichlet(ay, ..., an). (170)

(xla"wa)a X =
tot
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[t0’s formula gives the fraction dynamics

 ThgT
Etot

dZEZ‘

(o — ayorx;)dt

VZ;dB; — ;> /Z; dB;| . (171)
J

After the random time change dr = 2I'kgT dt/Fio, Eq. (171) is a Wright-Fisher diffusion
with stationary law (170) [87]. This decomposition exposes information discarded by the

scalar total energy even when that scalar process closes exactly.

B. Universal total-energy sector

Let G = (g;;) be the symmetric weight matrix of a connected graph and consider the pair

potential

k
Ug(’r; ]{?) = 5 Zgw\rz — ’I"j|q, gij Z 0 (172)

i<j
Remove the free center-of-mass coordinate and momentum and thermostat the D = dy(N —1)
internal momentum modes uniformly. Scaling all internal momenta by E'/2 and all relative

coordinates by (E/k)Y4 gives

Q(E, k,G) = C,(G, M)k~P/1E*,

1 1 2
O{:D<—{—>7 feff:D<1+>7
2 q q

2q
q q+27 ( 73)

Thus (D, q,7) determine the normalized total-energy law, Cy = akg, and the relaxation rate.
The matrix G' and the masses remain in the phase-volume coefficient C,.

For any bounded homogeneous orbit, Euler’s theorem for Us and the vanishing time

average of d(X°, R, P,)/dt give the virial identities

- 3 . 2E
S P2 M,=—LF,  3H-=

q+2 (g+2)k (174)

The fixed-G total energy is therefore lumpable at leading order, including integrable internal
dynamics. Shape protocols that vary individual entries of G' require an additional condition

because their work coefficients resolve bond energies.
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C. Graph-specific equilibrium thermodynamics

Let X denote the D-dimensional center-of-mass-free configuration space and define
D 1 q
2,(G) = [ dPy exp|—= 3 gily: — wil| - (175)
X q <

With a fixed phase-space unit b, the internal canonical partition function factorizes as

(2rkpT)P/2\/det Moy (kT \ "
hP k

All graph-specific equilibrium thermodynamics is contained in the single scalar function

Z4(G):

Zint(Ta ka G) -

Z,(Q). (176)

Ent = —]{JBT lIl th, Sint = k:B(ln Zint = Oé), Ck,G = Oé]{?B. (177)

Consequently, two connected graphs of the same rank, masses, ¢, and overall scale k£ obey

Zq<G1) Zq(G1>

Ag (E) =0, AgF = —kgTIn , AgS = kgln ,
&) of =—keThz Gy Ae=klz )

AgC = 0. (178)

The coupling matrix therefore changes the entropic part of the equation of state while leaving
the mean internal energy and heat capacity in the same homogeneous universality class. For

an edge e = (i, 7), its generalized force and the isothermal response matrix are

OFy  kgT
Xe = =— (i —yil9q,
age q <| ]| >G
OX, ksT
=——20C Ay |, |Aysl?) . 179
I e ova(|Aye|?, |Aysl?) (179)

Uniform rescaling of all edge weights yields the graph equation of state
D
dexe = EkBT = <UG> . (180)

For a shape-changing protocol whose shell averages are microcanonical, Eq. (13) remains a
driven CIR process with
ac(t) = —— — —=In Z,(Gy). (181)

The first term follows orbitwise from Eq. (174). The second term requires shell mixing
or another identity that makes the graph-shape work depend only on total energy. When
scalar closure fails, additional orbit labels or averaged observables may be required; examples
include normal-mode actions in integrable harmonic networks and suitable bond-energy

combinations. Determining a minimal closed set is model dependent.
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D. Harmonic matrix class

The case ¢ = 2 exposes the matrix dependence spectrally. Determinant-dependent
entropies are established in the statistical mechanics of Gaussian molecules and coarse-
grained elastic networks, and thermal harmonic-network fluctuations have been related to
resistance-based graph observables [88-90]. Here these structures are integrated with the

homogeneous energy-diffusion reduction. Write

k
Uk(r; k) = 5rT(K ® Iz)r, K =0, (182)

and assume that K has fixed rank r and fixed null space along a protocol. On its confined

subspace D = d,r, and direct Gaussian integration gives

(2r)P  EP\/det My

QFEkK)= . 1
(.5, K) = 55 1) PP ldet K2 (183)
Here det’ denotes the product of nonzero eigenvalues. At fixed T and £,
dskgT | det’'Ky
AFK = 9 In det’Ki S CkJ( = DkB (184)

For pair springs K = L(G) is the weighted graph Laplacian. The matrix-tree theorem

and the resistance-distance identity give [91, 92]

det'L(G) = N7(Q), (@) =>"T] e,

T esT
Ri; = (e; — ;) L*(e; — ¢;),
OFw,  dokpT o\ deksT
agij = 9 Rij, <|’I"Z — T‘j| > = TR” (185)

Thus the graph-dependent part of the equilibrium free energy is (dskg7'/2) In7(G) up to a
graph-independent constant, while an edge perturbation probes its effective resistance.
The full isothermal response is also explicit. With the oriented incidence vector b, = e; —e;

and fixed Laplacian rank,

82F’int . dsk'BT
09.0gy 2
The negative-semidefinite Hessian is the harmonic specialization of the covariance response

in Eq. (179). A second global observable is the Kirchhoff index

(bl LTbs)?. (186)

N
Ki(G) =) Ry=NtrLT =N> A" (187)
a=2

1<J
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TABLE II. Exact harmonic graph observables for N vertices.

Graph tw(G) 7(G) Kf(G)
Path Py 1 1 (N3 —N)/6
Star Sy 1 1 (N —1)2
Cycle Cy 2 N (N3 - N)/12
Complete Ky N -1 =2 N -1

It controls the thermal size of the network through the radius of gyration,

(B) = % 3 (i~ renl?) = d;’j\f KE(Q). (188)

Hence In7(G) is a free-energy observable, R;; is a local compliance, and Kf(G) is a ther-
modynamic size observable. For equal particle masses m, the lowest nonzero normal-mode
frequency satisfies w?,, = (k/m)\y[L(G)] and helps test the fast-orbit condition. For unequal
masses, the relevant quantity is the smallest positive generalized eigenvalue of Lv = pMw.

For unit-weight connected graphs these observables separate familiar graph families: Path
and star have identical spanning-tree free energy while their radii of gyration scale respectively
as O(N) and O(1). The cycle has O(N) size with half the path prefactor, and the complete
graph contracts as O(N~1). A single scalar graph free energy therefore leaves measurable
geometry unresolved.

There is a precise connection to treewidth through the multivariate spanning-tree polyno-

mial 7¢(g). The harmonic configurational factor is proportional to 7¢(g)™* with 8 = d,/2.

Complete monotonicity means
(—D)™Mayra(g)™” >0 (g>0) (189)

for every edge multi-index n. At physical integer ds, Eq. (189) follows for every graph from
the positive Gaussian Laplace representation of the configurational integral [93]. For a finite

connected simple graph with g. > 0, a recent preprint proves the sufficient certificate

k—1
tw(@) <k, fB>—" = 715’

5 is completely monotone (190)

[94]. For non-half-integer [, this result establishes a positive Laplace-transform representation

of the analytically continued configurational factor; interpreting 238 as a physical spatial
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dimension is formal. Treewidth is sufficient here and does not classify all completely monotone
cases. It also does not determine 7(G), Kf(G), or the stiffness spectrum: the path and
star already share treewidth one and have different thermodynamic sizes. Physical graph
classes are resolved by the polynomial and spectrum, with treewidth providing an additional
structural and sparse-elimination certificate.

The two matrix roles should be kept distinct. In the pair model (172), only off-diagonal
edge weights enter: G = Iy has no pair interactions, whereas G = Jy — Iy (equivalently Jy
after ignoring its diagonal) is the complete graph and produces K = L(G) = NIy — Jy. By
contrast, K in Eq. (182) is the physical stiffness itself. Hence K = Iy describes independent
onsite oscillators, while K = Jy confines only one collective coordinate.

Independent onsite traps have K = Iy, rank N, and det K = 1. The literal all-ones
stiffness K = Jy = 117 has rank one and leaves N — 1 particle-space directions free. The

positive-definite interpolation
K,=(1-p)Iy+pJy, detK,=(1-p)" 1+ (N-1)p) (191)

connects Iy to the singular all-ones limit as p — 17. The vanishing determinant records the
diverging configurational volume of the released modes.

All-to-all pair springs use the complete-graph Laplacian
Lcomplete — NIN - JN, rank Lcomplete =N — 17 det /Lcomplete — NN_I- (192)

After center-of-mass removal this matrix is simply NI on the internal subspace. More
general graphs share the universal gamma energy law while differing through 7(G), R;j,
graph entropy, and shape-work fluctuations.

For a translationally invariant pair network placed in a large container of volume V), the
center-of-mass factors restore the mechanical gas variables. If the interaction graph has ¢

connected components, boundary corrections neglected, equilibrium gives

d;N  dy(N —
pV = ckgT +o(1),  CI = T (q 2 kg. (193)

Thus G = Iy in the pair-weight convention gives ¢ = N, the ideal-gas laws p} = NkgT and
Cy = dsNkg/2, while a complete connected network gives ¢ = 1 and describes one bound
molecular cluster. An extensive large- N network limit requires an explicit normalization of

the edge weights. The pressure detects connected components; within each connected sector,
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(a) Matrix spectrum, N=8 (b) Graph free energy (c) Thermal size
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FIG. 9. Matrix-dependent thermodynamics of harmonic networks. (a) The spectrum of K, =
(1—p)I+pJ separates collective and relative modes. (b) The free-energy factor Indet’L distinguishes
unit-weight graph families. (c) The Kirchhoff index separates thermal-size classes that the spanning-

tree factor alone cannot resolve.

G controls internal free energy and generalized bond forces. Dynamically, free center-of-mass
kinetic modes and interacting internal modes generally relax at different rates, so their
total energy follows the closure criterion of Eq. (168). Recent work on interacting levitated

nanoparticles studies a hybrid quantum-—classical interaction setting [95].

E. Nonlinear graph cage: an exactly solvable collective interaction

The additive model (172) leaves the general factor Z,(G) implicit. A complementary family
makes the complete graph dependence analytic at every ¢ > 0. On the center-of-mass-free

subspace define the graph strain and collective power potential
Sa(r) =r"(Le® Iy)r = Z gelri — rj|2, Uéﬁge(r; K) = ESg(r)‘m. (194)
e=(ij) 1
For ¢ = 2 this is the harmonic network. The quartic member is a genuine many-body

interaction,
cage K K
UGE = Zz:g§|Afl°e|4+ §degf|Are|2|Arf|2, F = —kSg(Lg ® Ig,)r. (195)
e e<f

Stretching one edge therefore changes the restoring force on every edge. Equation (194)
is a synthetic collective Hamiltonian with a nonadditive force structure. Its equilibrium

coordinate law is an elliptically contoured multivariate power-exponential distribution; the
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normalization and radial representation of that statistical family are established [96, 97]. We
use those identities to build a solvable stochastic-thermodynamic example.

Whitening with the positive restriction of Lg gives, for a connected graph,

Qeage(E, K, G) = Cp g £~ P/ [det'Lg]™/2E*, D =d,(N - 1),
1 1 2q
=D|=+- off = 20y, r,=——n, 196
a=D(3+3), Ja=2o L=, (196)
where Cp 4 a contains only D, g, the internal mass determinant, and the phase-space unit.
The canonical configurational factor is explicitly
27rD/2 (D) <quT>D/q
Z.(T,k,G) = ——T= | [ — det’Lg]%/2. 197
T 6) = wprtl o) (Fo)  det'zd (197)
The phase-volume control coordinate that reduces Eq. (196) to 2 oc {;*E~ is
(o Kk \2/@+2) [ det’Lg a/[(N=1)(a+2)]
B < ) (det ILGO ) i

. (198)

lo

Thus global stiffness protocols at fixed G inherit every driven-CIR, heat, work, and cycle
result derived above.

The determinant factor makes the separation between nonlinear radial physics and graph

geometry exact:

dskgT
FG:F()(T, K, q, M)+ 2B lndet'Lg,
OF;  diksT 0?Fy  doksT

Xocase . — . _
¢ 09ge 2 09.097 2

(b L&Dy (199)
The response follows from the established matrix-tree and transfer-impedance identities [91,
92, 98, 99]. For q # 2, the second derivative combines an explicit curvature of Ug'%" with a
force covariance. The sum is the resistance expression in Eq. (199).

The spatial observables are equally explicit. With

ksT\ > T[(D +2)/q]
(T, k) = | L2 2
RE(T, k) ( : = (200)
elliptical angular averaging gives
d d
2 S 152 2 s 2
(Jrs — r2) = 5 ReRy, (R2) = B RaKE(G). (201)

The exponent ¢ fixes heat capacity, relaxation, energy fluctuations, and the radial scale.
The graph fixes relative geometry through the same resistance observables as a harmonic

network [100].
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F. Exact single-edge graph surgery

The determinant structure also yields an exact nonequilibrium experiment. Prepare the
cage canonically with Laplacian L, then change one edge while positions and momenta are
frozen,

L' =L+ 8gbb], = dg R, > =1 (202)

The inequality preserves confinement. Deleting a bridge gives h = —1, changes the nullity,
and releases an unconfined coordinate. Let 8 = (kgT)~!. Radial-angular factorization of the

initial canonical state gives the exact work representation

BW =V [(1+hX)"? —1],
d, D—d,
2’ 2

Hence one pre-quench number, the effective resistance R,, carries the full graph dependence of

Ve~ Gamma(D, 1) : X ~ Beta( ) , vV 1X. (203)
q

a single-edge work law. Its Laplace transform, all raw moments, mean work, and free-energy

change are
< —s,8W> E {1 —|—S[(1 +hX)q/2 1]}—D/¢17
_ q/2 n
(q) {(1+hX) 1],
5w :D[2F1<_‘21fés;12);_h>_1], ﬁAF—C; n(1+h).  (204)

q
Here (a), =T'(a +n)/T'(a). At s = 1, the beta integral collapses to
(V) =Ex(1+hX) P2 = (14 h)~%/2 = ¢ P4, (205)

which is the Jarzynski equality and the rank-one determinant update in the same formula [36].
For ¢ = 2, beta—gamma algebra reduces SW to a signed gamma variable of shape ds/2 and
scale h. Harmonic work quenches are well studied [101, 102]; Eq. (203) is the corresponding
thermodynamic parametrization across the collective homogeneous family. The beta law
is proper for N > 3; for the two-vertex graph D = dy and X = 1 deterministically. The
confinement condition for the rank-one update is h > —1. This is weaker than requiring
every individual postquench edge weight to remain nonnegative.

Everything through Eq. (205) holds for arbitrary positive homogeneity degree q. The
closed work and entropy-production densities, joint heat—work transform, and engine formulas

developed next are the fully equilibrated planar quartic specialization D = 4, ¢ = 4.
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Consider now three particles in two dimensions, start from the unit path Ps, and add its
missing edge with weight ¢g. Then

4 det’L(g)
D=4 — 4 —3 4=6, Dya—oy, =g 95 (206
) q ) «Q ) fff 4 37 det,L(()) + 29 ( )

The equilibrium energy, heat capacity, graph free energy, generalized edge force, and end-to-

end size are

(E) = 3kgT,  Cy = 3kg,
F(g) — F(0) Xis 2

(Jry = rsf?) = 1ﬂg\/kBﬁT- (207)

For equal internal masses m, its phase volume and partition function are
_ Art'm? 5 Z6(T) = 8mim?2(kgT)3
"~ 3btkdet’Lg T Thikdet/Le

Q6 (E) (208)
For this quench V' ~ Exp(1) and X is uniform on [0, 1]. Writing A = 1 + 2¢ gives
w = W = V{[1+2¢X]* -1},

£,(s) = arctan|[Ay/s/(1 — s)] — arctan[,/s/(1 — )] R (200)
! 2g4/s(1 —s) ’ '

The continuous work density and first two cumulants are

1 A1 exp(—w/a)
= — ——-d >0
) =g [0 S da, w0
4, 4g° 2
K1 (w) :2g+§g , Ko(w) = 4—5(52g + 120g + 75),
VarW  52¢* + 120g + 75
ar v g+ g—2i- (210)
(W) 5(29 + 3)
Equation (204) supplies every higher cumulant. For the unit insertion g = 1,
10 988 299248 33501472
- — = = 211
) =3 mw) =75 mlw)=—gz= mlw) = =7 (21)

The skewness is 3.07810 . . . and the excess kurtosis is 14.70866 . . ., displaying a broad, strongly
non-Gaussian irreversible work law.
After completing the isothermal process by relaxation at fixed final graph, the dimensionless

stochastic entropy production is
Y=w-—-InA, px(0) = pg(o +1n A), Ls(s) = A°Ly(s), <e’2> =1 (212
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Its mean equals the irreversible work in thermal units,
4,
(8) = B (Win) =29+ 29" — In(1 +29), (213)

and the probability of a negative dissipated-work event is

1
n(1+ 2g) .
+2gz)? — 1

PE<0)=1— /01 exp l_(l (214)

At g = 1 this probability is 0.4144485809.... The bare compression work is nonnegative;
the negative event is W < AF'. The reverse triangle-to-path quench begins in a distinct

equilibrium ensemble, and its work density obeys the Crooks relation

pr(w) _ ow—lnA
P — = . (215)

Thus the forward law alone has no same-distribution strong detailed fluctuation theorem [37].
G. Relaxation, protocols, and a graph-surgery engine

The unit-edge quench from P; to K3 raises the mean energy from 3kgT to 19kgT/3.

Subsequent fixed-graph relaxation is governed, within the leading weak-friction averaged

theory, by
10
dE =Ty (3kgT — E)dt + /2I'1kgTE dB, (Q) = —gk‘BT(l — e Ty, (216)
Complete relaxation gives
10 10
ASys=—kpIn3,  ASu=kn,  ASe=ks (3 e 3) . (217)

At finite time, the unrelaxed nonequilibrium free energy supplies the missing part of the
completed-process entropy in Eq. (217).
The postquench energy law and its relaxation remain analytic. For ey = SFEy+ and

_ T4t
X_e 47

L_,.(S) = <e—se+> _ (1 + S)_2 arctan(?)\/gz)\;garctan(\/g)’

(e7FB) = [1+45(1 — x)]°Ly <1+S‘2<_X)> . (218)
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Even the joint quench-work and relaxation-heat statistics close. Define ¢, = B(E; — Eg+),

B,=1-—n(l—-x),and ¢, =n(1 — x)(1 —n)/B,. Then

1 3 dr
(eftm) = B3(1 + ¢p) 2

= 21
2J1 14¢r2—¢€(r2—1) (219)

throughout the common convergence domain. This gives every mixed work—heat cumulant
by differentiation.

Three protocol families separate cleanly. At fixed graph, arbitrary global (t) uses ¢ = x'/3
and retains the scalar driven CIR description. Proportional graph breathing L(t) = ¢(t)Lg is

equivalent to the single stiffness xog = xc? and has

16 2¢
0o — 13203 Nk z2¢ )
For continuous single-edge driving in the triangle,
1& 24
¢ 1+ 2g)]"/3 = 221
pos X [k(1+2g)]"", apos = 3 + 3(1+ 29) (221)

This last expression is the microcanonical shell-average drift. A finite-rate edge protocol
resolves an angular bond observable, so scalar CIR closure requires shell mixing or an
augmented state. The sudden law (203) and the quasistatic isothermal work AF' = kgT In(1+
2g) remain exact endpoint results.

A four-stroke graph-surgery cycle follows by inserting the edge in path equilibrium at T,
thermalizing the triangle at T, deleting the edge in triangle equilibrium, and thermalizing

the path at Te. Put rp = Ty /Te and define the dimensionless quench means and variances

29(2g + 3 4g%(52g% + 120g + 75
pe(g) = 7( 3 )7 vi(g) = ( 15 >7
29(4g + 3) 4g2(112¢% + 180g + 75)
_ =_2 7 -/ _ = 222

Complete equilibration makes the two quenches independent. The cycle thermodynamics is

therefore
(Weye) Var Weye >
kBTC = MK+ + rrp—, (kBTC)Q = U4 =+ rrv—,
(Qu) (Qc)
T 3re — 3 — pg, T 3—rp(3+ p),
1
(Zeye) =3 (TT + — - 2> + B + rop_. (223)
I T
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The device produces work when

en (1+29)%(2g + 3) —py =TT
TT>TTg(g) = 49+3 ) Ugs:m-

(224)

The nonnegative entropy in Eq. (223) places 7y below the Carnot value. The complete

cycle-work transform is a product of the forward and reverse one-edge transforms,

_ rev rev _ 1+ 29 ! L
»Ccyc(s) - ‘Cg(s)‘cg (rT8)7 Eg <8) o 2g 1/(14-2g) 1+ S(TQ - 1) .

(225)

Equations (223)—(225) are a full-equilibration benchmark. Finite thermal contacts correlate
successive surgeries and require propagation of the non-gamma law (218) together with its
angular sector.

The force in Eq. (195) is a concrete target for measurement-based virtual-potential
control. Feedback traps already impose time-dependent synthetic potentials, and multiparticle
levitated platforms now support tunable long-range couplings [103—105]. An implementation
would measure all particle positions, subtract the center of mass, compute S¢, and apply
the common gain kS to the graph force. Controller delay and bandwidth then become
additional experimental scales. Equation (194) is therefore an experimentally motivated

target Hamiltonian; realization of this precise nonlinear feedback network remains open.

XI. HARD-SPHERE SINGULAR LIMIT AND VAN DER WAALS EXTENSION

Hard spheres introduce a fixed length oy, and therefore sit outside the smooth positive-
homogeneous family. They nevertheless preserve a stronger part of the energy-sector uni-
versality than a fixed-volume equilibrium treatment suggests. For identical particles in a
container of volume V), define the graph-restricted configurational integral

Qc(V, o) = / I e — 7yl — ow) d®N. (226)
V7 ()€ (@)
The physical monodisperse hard-sphere fluid uses G = K. Its canonical partition function
is
(2rmkgT)%sN/?
N!pdsN

At fixed container volume, summing the 1t6 kinetic-energy balances of the d,/V independently

Z]}ifb = QKN (V,O'hs). (227)

thermostatted velocity components gives the following scalar equation: elastic particle and

stationary-wall collisions conserve total kinetic energy and therefore do not contribute to
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FIG. 10. Collective graph-cage stochastic thermodynamics. (a) The quartic graph cage raises the
total graph strain to the second power, producing collective circular contours in whitened graph
coordinates; a separable quartic has different level sets. (b) For a tunable planar triangle, the
free-energy change and edge force are independent of ¢ and fixed by the spanning-tree polynomial
and effective resistance. (c¢) The unit path-to-triangle quench has an exact entropy-production
density with P(X < 0) = 0.41445. . .; the long positive tail preserves the positive mean and integral
fluctuation theorem. (d) A two-temperature graph-surgery cycle produces work above the threshold

ry8(g); its efficiency remains below Carnot.

that balance. Event-driven Brownian hard-sphere dynamics is discussed in Ref. [106], but

that reference is not used as a derivation of the underdamped energy SDE.

ds N d; N
dE = 2y ( 5 kel E) dt + ks TEAB,  ons =~ (228)

All fixed-volume heat and exchange-entropy formulas above survive after the substitutions

a — aps and I'y — 27. Excluded volume enters F', S, and p through Qg , while

_d,N
)

4N
)

kgT, Cy

(E) k. (229)
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Two distinct steep-potential limits build the confined gas. A positive-power wall confines
particles, while the reciprocal potential proposed for the interparticle distance produces an

excluded core:

2 ia v
Uyau(r> =€, Z X 7
7,0 La
Ul(r) = ¢, Z (%) . (230)
e T = Tl
As v — oo, the first is zero inside the box and infinite outside, whereas
. € Ons\”
ol 5 ()] - 2
Vl_)IgloeXp[ T \ o O(r — ons) (231)

away from contact. For one particle in one dimension, the wall limit of U(z) o |z|*" has
fer — 1 and o« — 1/2, precisely the particle-in-a-box limit of Refs. [17, 18]. The inverse-power
expression (L/|r — zo|)?" instead excludes the interval |x — x| < L and is the pairwise route
to a hard core. At finite v, their sum contains positive and negative homogeneities and is not
in the single-¢ gamma class. Convergence of Boltzmann weights also does not alone prove
trajectory convergence to reflected hard-sphere dynamics [107].

The moving-boundary construction below is a conditional leading-order closure, not a
trajectory-level convergence theorem for singular hard spheres. We assume that fixed-volume
shells mix faster than both thermal relaxation and boundary driving, that impulsive wall
work has the shell average —AQ, Jw, and that no boundary-induced drift, diffusion, or
collision-phase variable survives at the retained order. Convergence of equilibrium Boltzmann
weights or phase volumes alone does not establish these dynamical assumptions.

Subject to these assumptions, the nonequilibrium connection reappears at leading shell-

averaged order in the singular limit. The enclosed phase volume factorizes as

d,N
QEV,G) =CQu(V,0m)E,  a=—- (232)

Subject to these assumptions, for a moving container whose wall work remains in the

orbit-averaged regime,

dE = [ans(t)E — 29(E — akgT)] dt + /47ksTE dB,
1d

a’hs(t) = _aE In QG(Vta UhS)J ghs o= Qél/a- (233)
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Within this conditional shell-averaged model, Eq. (233) is the same driven CIR process as
Eq. (32), with aps = lis/lhs. The heat laws, Riccati transform, and constrained-control
formulas therefore carry over in f;,. At finite wall speed outside this averaging hierarchy, the
process need not remain CIR and additional collision-phase or boundary variables may be

required. The shell pressure and its thermal mean are
E
p(E,V) = E(?V In Qg, (p) = kgl Oy In Q. (234)

This provides a direct nonequilibrium role for the full graph-dependent In O, beyond its
equilibrium free-energy contribution. Work statistics for moving boxes and interacting
classical gases provide related finite-time benchmarks [19, 108].

In three dimensions, with number density p = N/V and packing fraction ¢ = mpai_ /6,

the virial expansion begins [109, 110]

P =14+ Byp+Bsp>+---=14+40+ 100> +- -+,
pk’BT
2T 52
BQ = ?Uﬁy B3 = Tgo-ﬁs' (235)
The Carnahan—Starling resummation and its excess free energy are [111]
pkpT (1-¢)® °  NksT  (1-¢)*
Writing Zy,s = pV/(NkgT') makes the dynamical consequence explicit:
2 ' 21 2%V
S PV S S L f il )4 37

d, 7R I C RS R VY

The work-optimal interior remains exponential in ¢, or dIn Q¢ /dt = const, but physical

compression obeys ‘
1% ds ag
— . 238

Excluded-volume correlations therefore slow the optimal physical compression by the com-

pressibility factor while leaving the phase-volume protocol universal.
The same coordinate produces an interacting hard-sphere Otto cycle. Between two volumes

Ve > Vg, its orbit-adiabatic energy ratio is

(Ve G) [QG(Vcﬂhs)]l/a' (239)

Pe = 1uVe, G) — | Qc(Vir, oms)

60



Every result in Eqs. (112)-(116) survives with p — pg. In the ideal gas, pg = (Vo /Vi)?/%.

Carnahan—Starling gives the explicit interacting correction

2/ds _

Thus the full graph configurational integral shifts the cycle compression and all work statistics.

(240)

This is the nonequilibrium observable that depends explicitly on G.
A van der Waals attraction requires a second ingredient. For a hard core plus an integrable
weak tail Uage(r) < 0, with |ua|/(ksT) < 1 and [ |t (r)]7? dr < oo, the exact second-

virial formula and its weak-tail expansion are [110]

Bz(T) = —27‘(‘/ [e_u(r)/(kBT) _ 1],,,,2 d’f',
(0]
v % )
By(T) = b~ - de b= j"}%sa Qydw = —27T/ Uage (1)1 dr > 0. (241)
]{ZBT 3 -

A standard phenomenological free-volume plus mean-field closure that reproduces this second

virial coefficient is
N pkBT

p_l—b,o

A closure-preserving nonequilibrium version introduces only the uniform density mean field

— Gyawp’- (242)

Ut = —ayqwN?/V. The kinetic energy retains Eq. (233), total work gains dUy, and
avawlN?  Nkgt  awawN?

V2. V-Nb 1%
The last approximation uses Q ~ (¥ — Nb)" and becomes Eq. (242) at equilibrium § = 7. A

(p) = kpfOyIn Q¢ —

(243)

true Kac-type mean-field limit supplies a controlled route to this form [112]. By contrast, a
microscopic attractive tail exchanges kinetic and potential energy while the thermostat noise
samples only the kinetic part. It generally destroys scalar CIR closure. Pure hard spheres
have a,qw = 0; freezing and the attractive liquid—gas transition require configurational
information beyond the scalar energy SDE. For graph-restricted exclusions, Qg expands in
Mayer subgraphs rather than a Laplacian determinant; graph sparsity and treewidth may
organize computation, while the harmonic complete-monotonicity theorem does not transfer

automatically.

XII. WHERE UNIVERSALITY ENDS

Equation (13) applies to a general regular Hamiltonian whenever averaging is energy-

lumpable. Its coefficients are then nonlinear through Q/w, and fog(E, A) runs. Gamma
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distributions, a single effective temperature, CIR kernels, and scalar Riccati transforms
require phase-volume homogeneity. Mixed powers, barriers, separatrices, rest lengths, and
local coupling protocols generally break this closure.

The scope assumptions are regular connected energy components over the range used,
£ < 1, a Markovian momentum bath, and a specified no-flux boundary when o < 1. In more
than one degree of freedom, shell mixing is one sufficient mechanism; orbitwise identities can
also prove energy lumpability. Separatrices, coefficients retaining extra actions, colored noise,
nonuniform thermostats, and mixed homogeneity require extensions.

Engine formulas require additional bath and control structure. A cycle coupled to one
bath held at fixed temperature is dissipative. The finite-time atlas in Secs. VIII and IX fixes
five named stroke architectures and one globally constrained smooth-control class before
optimization. Carnot, Otto, and Brayton reach the Curzon—Ahlborn number through distinct
optimized variables; Stirling selects an interior contact-time allocation; and unconstrained
Ericsson pressure-ratio power approaches a plateau. The smooth quadrature optimum
assumes gamma preparation, local fluctuation-dissipation balance, constant I';, and driving
slow enough for orbit averaging. Bounds on z, 4, T, or T are absent from its quadratic-
budget problem; imposing any of them generally changes the optimizer. The physical-gas
isobars constrain ensemble-mean pressure, so their trajectory work still requires the Riccati
path functional. Shortcuts to isothermality add auxiliary control forces and form a distinct
problem [113].

The dimensionless groups that segment experiments are

e A T r
= fffa th7 ia 1n7f7 707 Ca
2 Fq A Ty '

N R

) th, ia i? M7 h:(ngea
Q@ |

Avaw P
. 244

The first two identify the homogeneous energy class; the next four specify generic driving
and thermal operation; N/a and InII select physical-gas isobars and their pressure range.
The ratio w/T,, normalized slew Ry/(wf), and mismatch M specify the smooth cycle. The
edge-surgery number A combines graph topology and quench amplitude. The last two
quantities measure excluded-volume and attractive-gas nonideality. Interaction networks add

the shape coordinates G through In Z,(G). In the equal-mass harmonic class, Indet’L, R;;,
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Kf(G), and Ay are respectively free-energy, local-response, size, and soft-mode observables;

unequal masses replace Ay by the positive generalized stiffness spectrum of (L, M).

XIII. CONCLUSION

Kramers energy diffusion is the starting point, while stochastic thermodynamics supplies
a different set of questions. The phase-volume formulation supplies DOS-relative thermody-
namic bookkeeping, separates work transport from irreversible bath current, and reduces
positive homogeneous Hamiltonians to a two-parameter energy universality class. Fixed-
control gamma relaxation yields a closed total-path entropy-production density. For the
established strong-DFT exchange family, the representation [1 — Ls(1 4 s)]™* generates the
compact cumulant recurrence and exact violation and uncertainty identities derived here.

Within that class, feg is the thermodynamic size: it fixes the gamma shape, Cy = fegkp/2,
relative fluctuations, and cumulant scale. The rate I'; is the kinetic clock: it fixes relaxation,
finite-time dissipation, optimal stroke allocation, and power. The exact exchange identity
V=2()+ (ZX)2 /a generates the higher cumulants recursively and becomes an affinity-free
heat-current relation. Its additive 1/« separation from the parabolic benchmark vanishes
for large systems, while the multiplicative gap remains finite at fixed intensive contrast.
Minimizing mean production lowers absolute fluctuations but worsens relative precision; it is
therefore not an independent Carnot variational principle. The control Hamiltonian places
boundary layers, singular isotherms, finite bangs, regularized feedback, and state-boundary
arcs in one framework. The six-member atlas shows exactly how further constraints alter
the result: Carnot optimizes isothermal contact durations; Otto optimizes its compression
ratio and has a reset work-TUR,; Stirling has a closed finite-time contact allocation; Ericsson
exposes the physical bound needed for a finite pressure optimum; and Brayton has an exact
mean-isobar corner map whose optimal pressure ratio depends on «/N. The sixth member
optimizes the full smooth waveform: it saturates a quadratic work bound, yields an exact
operational-time CIR covariance, and under a fixed temperature span balances logarithmic
state slew against bath—state mismatch. This finite-time content complements the known
quasistatic phase-volume atlas [61].

The interaction-network extension separates total-energy universality from graph thermo-

dynamic geometry. Harmonic networks expose the latter through spanning-tree free energy,
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effective-resistance response, Kirchhoff-index size, and spectral time-scale separation. The
nonlinear graph cage retains those observables for every ¢ while coupling all edges through
one collective strain. Its single-edge quench has an exact beta—gamma work law controlled
by h = dgR,.; the planar quartic triangle then yields closed work and entropy-production
densities, a joint work—heat transform, and a full-equilibration graph-surgery engine. These
nonequilibrium results depend on more than the determinant normalization inherited from
elliptical integration. Treewidth gives a sufficient complete-monotonicity certificate for
analytically continued exponents and organizes sparse elimination, while polynomial and
spectral observables resolve the physical graph classes. Continuous shape protocols expose
the next frontier because scalar closure can require mixing or extra orbit labels. Subject to
rapid shell mixing and orbit-averaged moving-wall work, hard spheres provide a conditional
singular extension: the factorization Q2 = C'QgFE* makes QE;I/ “ the mechanical control, so
packing and graph structure enter nonequilibrium pressure, optimal compression, and Otto
work statistics while the energy remains CIR at leading shell-averaged order. A microscopic
attractive tail generally destroys this scalar closure. A uniform density mean field yields
a controlled nonequilibrium van der Waals correction. These separations identify which

observables remain universal and exactly where additional state information enters.
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Appendix A: Thermal-manifold checks

Insertion of Eq. (36) into the Fokker—Planck equation gives Eq. (37). On this family,

0
S@,\) =Sy + akgln —. Al
(6.%) = S + kI (A1
Consequently
S T
—=al,(=—-1
kp (9 ) ’
Q 0
—— =al, (1— = A2
]{ZBT o q T ) ( )
whose difference gives Eq. (39).
Appendix B: Heat transform
The conditional CIR transform is
E
Efe=*%|Ey] = [1 + kpTs(1 — ;)] exp [—— -0 (B1)

1+ kgTs(1—ry)
Averaging over the initial gamma law gives Eq. (44). In the factorization Q = ¢, Gy — e_Gs,

the ratio G1/(G1 + G3) is Beta(a, «), which gives Eq. (51).

Appendix C: Thermodynamically consistent energy bins

A discrete equation for probabilities p, may represent coarse classical energy cells. For
bins I,, define
=21 w(E,\Ne B/*TdE, (C1)

I’IL

One positive nearest-neighbor discretization uses

Dn+1/2 Tn41 Dn+1/2 T,
knni1 = , kniin = . C2
n+l (AE)Q T AFll; (AE)Q Mg ( )
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It obeys detailed balance, and its dimensionless mean entropy production satisfies

d Knn+1Pn
d Et bm Z In n+1 In T +1p > 0. (Cg)

n+1, nPn+1 -

These bin jumps are discretization events and have no microscopic transition interpretation.
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