An Exact Product Limit on Collective Quantum Readout
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Can two independently prepared quantum systems require a joint measurement to read a fluctuation
with the least possible variance? We prepare two copies of either candidate state. A measured
Pearson quantity compares the outcome distributions of the two candidate preparations. Fully-PPT
detectors include measurements made separately on each copy. The class maximum is the product of
the one-copy optima, attained by measuring an optimal score on each copy. Noncommuting states
allow an unrestricted joint measurement to do strictly better. We then fix a state-calibrated collective
score as a theoretical witness. Its spectral readout adds no variance, but every unbiased fully-PPT
readout must add some. A moment inequality strengthens this necessary bound; the exact restricted
minimum remains unknown. Driven and equilibrium models illustrate the bounds without a device
demonstration. The results concern calibrated scores, not work readout, detector energy cost, or

local thermometry.

Introduction.— Two independently prepared systems
can be measured one at a time or by a detector acting
on both. When does that choice change the smallest
variance with which a fluctuation can be read? We study
a finite contrast between two possible states, starting
from the known unrestricted uncertainty identity and its
optimal score [1-3]. A two-copy noncommutation crite-
rion is known for measured relative entropy [4]; here we
prove a Pearson product bound for fully-PPT detectors
and a strict unrestricted surplus. For restricted Rényi
divergences, Rippchen et al. prove general superaddi-
tivity; their exact-additivity examples use special state
families and grouped-party cuts [5]. Here each hypothesis
is a product across the physical-copy cuts on which PPT
is imposed. Related work also studies measured diver-
gences [6, 7], data hiding [8, 9], and local versus global
estimation variance [10].

Let p, = p®" and o,, = 0®" for distinct full-rank states
on H. Denote all POVMs on H®" by M,,. A detector
M = {E,} has E;, = 0, > E, = I, and probabilities
Pz = Tr[pnEz), ¢z = Tr[on Ey]. Define

2
Q)= g, =

)
il

max Q,(M). (1)

MeM,

Here @, (M) — 1 is the measured Pearson divergence; Q,,
is its unrestricted optimum plus one [1, 11].

For a Hermitian observable A, the mean response be-
tween the two states is j(A) = Tr[(pn — 0y )A]. Its intrin-
sic variance in the reference state is v(A) = Tr[o, A%] —
(Tr[o, A])?. The response compares two calibrated end-
points. TURs for currents and dissipation address a
different task [12-16]. Finite-difference bounds began in
classical estimation [17, 18] and also inform fluctuation-
response inequalities [19, 20]. The established finite-
displacement relation, called the intrinsic finite-contrast
bound here, is [2, 3]

For A=73" a.ll,, a spectral measurement projects onto
the eigenspaces {II,} and reports a, with probability
Tr[o,I1,]. Tts outcome variance is v(A). That variance
belongs to the state; it is not noise added by the appa-
ratus. An optimal observable saturates Eq. (2) under
this unrestricted readout. The contrast between the two
states is finite.

An unbiased readout assigns real values a, with A =
>, @z Ey, so its mean is correct in every state. Its actual
variance is

Vo, (M,a) =v(A4) + v,,,
ou(S a2 - ) @

Vg, =1t > 0.

The added readout variance is nonnegative [21]. A spec-
tral measurement has v,, = 0, yet its outcomes still
fluctuate with variance v(A). A restricted detector may
add to those fluctuations.

The restriction acts between input registers. Within
each register the detector remains unrestricted. Write
Pn C M,, for fully positive-partial-transpose (fully-PPT)
POVMs. Partial transposition Ts transposes the matrix
indices of a subset S of registers in fixed local bases; for
example (B ® C)Tty = BT ® C, extended linearly. A
POVM is fully PPT when ETs = 0 for every outcome
and subset [22, 23]. This is a condition on the measure-
ment effects, not a physical transpose operation. The
class includes separate readout and local measurements
with classical communication, as well as more general
measurements [5, 24-28].

For a class C,, define Q¢ := maxyrec, Qn(M) and
abbreviate Q,, = QM. For the fully-PPT class P, our
product theorem gives

Qu(M) < Q) =QF, MEeP, (4)

It fixes the attained class-wide coefficient of the readout



uncertainty bound:
v(A) + vy, 1

- -2 )

J(A)? QT —1
The coefficient is attained when we may choose the detec-
tor and its output scores subject only to the two means. A
prescribed operator A imposes a stronger task, so equality
need not hold for it. Equation (2) still holds, although
the restricted detector may be unable to attain it without

added variance.
For each n, an optimal measurement M™ satisfies

Qn(M*) =@, > QF, M* e M, (6)

For n > 2, the inequality is strict exactly when [p, o] # 0.
The optimal unrestricted measurement must then have a
negative-partial-transpose (NPT) effect. An NPT effect
by itself does not guarantee a gain. The point is that
independent inputs can require an entangled readout to
attain their free-readout uncertainty limit [29-32].

Formalism and the optimal score.— Write Q(p, o) =
@1 and Qg = 1; a superscript will indicate a restricted
optimum. The Jordan map is J,(B) = (6B + Bo)/2.
Its inverse defines the one-copy score L = J,1(p). The
known one-copy solution is [1, 11]

Q= énzaé%& Tr[pB] — Tr[0B?|} = Tr[pL].  (7)

M e P,. (5)

Measuring L spectrally attains this maximum. Its un-
restricted projective optimization landscape was studied
recently [33]. This is the symmetric-logarithmic-derivative
(SLD), or Bures, optimum [34-38]. It generally lies below
the Petz-Pearson value Tr[p?c~'] [39, 40]. Our result
concerns what happens to the measured optimum when
the detector is restricted.

Ezact product theorem.— The product result also holds
when the registers carry different full-rank pairs (p;, ;)
on H;, for j =1,...,N. The hypotheses must factor over
the same registers on which PPT is imposed.

Theorem 1 (Product readout limit) For these prod-
uct hypotheses,

®pj’®gj
J J

Hence the sharp squared-response-to-variance coefficient
is [1; Q(pj,05) — 1.

Proof. Define a local score L; = \70;1(,0]-) and put Y; =
Ljo;L;. For a subset S of registers, transpose f the factors

= H Q(pj,0j)- (8)

in that subset; call the resulting products LS and og.
The operator DS( ) = (Ls — ul)s(Lg — ul) is positive.
It gives the finite decomposition

®YJ —2u®pj+u2®aj
J J J

N (9)
=27 " Ts[Dg(u)].
S

Each subset selects one of two local operator orders, o L;
or L;o;, on each register. Averaging over all subsets gives
p;j = (0;L;j + L;jo;)/2 in the cross term. Now take any
fully-PPT effect E. Its trace against Eq. (9) is nonnegative

and has the form y—2up+u?q. Here p = Tr {E &; pj] and
g="Tr {E X, a]} > 0, while y = Tr {E X, Y]} Minimiz-
ing over real u gives p?/q < y. Summing over outcomes
proves the upper bound, which the product of local score
measurements attains. The proof uses every PPT cut
and product hypotheses across those same registers. It
makes no identification of PPT with separable or LOCC
readout. Details are in Supplemental Sec. S2 [41].

For two pairs, write K; = [o;,L;]/(2i{) and Q; =
Q(pj,0;). The difference between joint and separate
optima is Agp = Q(pa ® pp,ca ®op) — QalQB.

Proposition 1 (Ordered surplus)
Aap = <KA®KB,jUA®GB(KA®KB)> (10)
1t is positive exactly when both local pairs do not commute.

Toawos(La®Lp) =pa®pp — Ka® Kg. Completing
the square in Eq. (7) then gives the surplus. For identical
pairs, reading two copies jointly and the rest separately
achieves QQQ?_2 > @7, which proves the strict case of
Eq. (6).

The gain comes from the ordered commutator of the
two states. It does not require an entangled source. Sup-
plemental Sec. S3 gives the full algebra and its relation
to ordered covariance [42, 43].

Added fluctuations for a fized observable.— The theo-
rem optimizes over measurements, but what does it say
about reading one specified observable? For any M and
real scores, Cauchy—Schwarz gives j(A4)? < [Qn(M) —

11V, (M,a). With the product limit in Eq. (4), this
proves Eq. (5) and

[ a],

where [z]4 = max{z,0}. The bound need not be attained
for a prescribed A. A sum of local observables, for exam-
ple, admits a noiseless product spectral readout [44]. We
therefore examine a collective target.

For each n, choose A, = (L, — I)/(Q, — 1), where
Ly, = J; " (pn). This state-calibrated score is a theoretical
witness, not a work observable. Using it requires the
candidate states and receiver effects to be characterized
before outcomes are collected. Its mean is zero in o,, and
one in p,. Its intrinsic variance and the required added
variance obey

MeP, (1)




The second line applies to every unbiased fully-PPT read-
out of this particular observable. When the states do
not commute and n > 2, the required added variance
is positive. Spectral readout of the same A, adds none.
The exact fully-PPT minimum for this prescribed score
remains unknown. We keep the states, the observable,
and its two means fixed while comparing detectors. Sup-
plemental Sec. S4 proves the moment decomposition and
noise bound. A local informationally complete detector
can reproduce the mean of Ay, but it cannot avoid the
variance penalty.

A stronger fized-operator bound.— The bound in
Eq. (11) uses only two means. Keeping the full oper-
ator moment can make it stronger. Put B = ) a2E,.
For every cut S, the transposed effects { ET5} still form
a POVM. Their Schwarz inequality gives BTs = (ATs)2,
Define bpmom(4;0p,) := maxg Var _rs (ATs), including the
empty cut. The PPT moment bound is

Van(Mv a) > bmom(A;Un)a M € Py,
i 2 i 2 13
brom(Ai ) > 2 5 S (1)
Ql -1 Qn -1

The first line uses the whole prescribed operator. Av-
eraging over cuts with the local Jordan maps gives the
first inequality in the second line. Equation (6) gives the
last. Supplemental Sec. S4.4 proves the refinement using
standard POVM positivity. Partial-transpose moment
tests have also been used for state separability [45]; here
the transposed objects are detector effects. We make no
claim that this bound is generally attainable.

For a prescribed operator, the moment bound is neces-
sary; the restricted minimum remains unknown in general.
The final term is the established unrestricted intrinsic
bound.

Matching the means in p,, and o, still allows a detector
to read a different observable. The identity A =" a,F,
fixes its mean in every state. The moment bound uses
this stronger requirement without solving the restricted
optimization.

Work-stroke example:  coherence lost to energy
dephasing.— Can the readout gap change while a stan-
dard work measurement sees no change? Prepare a finite
medium in yg = e*BH/Zg and apply a cyclic pulse U.
The pulse leaves py = UysU" and restores H. During a
subsequent delay let

Pt = —i[H, pt] + T (Dup: — pr), Dpup = ZHEPHEv
E

(14)
where Il includes degenerate energy blocks. Here PPT
constrains measurements across independently prepared
copies of the complete medium; it does not restrict mea-
surement within one copy. Define Q;(t) = Q(p?y,'y?j).
Let Qg = Q(Dupo,~ys) be the one-copy value after com-

plete dephasing. The two-copy surplus is Ay = Q2 — Q3.
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FIG. 1. Readout bounds for two copies of a driven four-

spin medium during energy dephasing. Blue is the intrinsic
variance of A,(¢); orange and green are, respectively, the class-
wide PPT and stronger fixed-operator moment lower bounds.
Shading marks necessary added variance, not measured noise.
The target changes with delay but is identical across readout
classes at each point. The full two-energy-measurement work
distribution stays fixed. No restricted detector is implemented.

The product theorem and ordered-surplus formula give

Q:1(t) = Qe + e 2'[Q1(0) — Qgl, (15)
As(t) = e AL(0).

Each inter-energy coherence decays as et The two-copy
surplus contains four such factors, giving the second law
in Eq. (15). That law describes As; the variance penalty
and entropy production have different time dependence.
Supplemental Sec. S5 gives the proof and model parame-
ters.

At the initial point of Fig. 1, A.(0) has intrinsic vari-
ance 0.0351907. The PPT moment bound is 0.1548592,
so every unbiased fully-PPT readout of that same target
adds at least 0.1196685 in variance. These are bounds on
population variances, not observed detector noise. Since
dephasing acts after the pulse, it preserves the conditional
final energy populations and leaves the full two-energy-
measurement work distribution unchanged [46]. Work and
coherent score readout use separate repetitions. The gap
concerns the score observable; we infer no work-observable
penalty or detector-energy saving. Work statistics alone
do not settle entropy production or reservoir account-
ing [47-49]. Coherence matters in other irreversible-work
and entropy-production protocols [50, 51].

The class-wide bound shows how the surplus enters
the weaker variance requirement. For the unit-response
target A, (t), Eq. (12) gives

As(t)
[Q1(1)? = 1][Qa2(t) — 1]’

whenever the two states differ. The surplus vanishes under
complete dephasing, and so does this necessary gap. At

Vg = (16)
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FIG. 2. Variance for reduced equilibrium probes [53]. Red
is a feasible product readout (Eq. (19)); green is the PPT
moment lower bound (Eq. (13)); orange is the class-wide lower
bound (Eq. (5)); blue is the intrinsic variance attained by
spectral readout (Eq. (2)). The unknown unbiased fully-PPT
minimum lies between green and red. The axis is logarithmic,
with a linear inset. Shading marks necessary added variance.
Each coupling has its own target, held fixed across readout
classes.

finite delay, the gap need not follow a single exponential
because both denominators evolve. The green curve can
lie well above the orange one because it uses the whole
prescribed operator. The work distribution P,(W) alone
cannot determine either score-readout bound.

Reduced equilibrium probe example.— A pair of reduced
equilibrium probes tests whether the gap requires a drive
or an entangled source. Their Gibbs states can have
temperature-dependent eigenvectors [52]. We use the
one-ancilla model of Ullah et al. [53]:

h=+vw?+g2 (17)

The global Gibbs state is separable and diagonal in the
ancilla’s Zg basis. Tracing out that ancilla gives the
probe state [53]

Hsp =wZs + Q2 +9XsZE,

T = % I+ %{gtanh(ﬁﬂ)){s —wZs}|. (18)

For nonzero gw() and distinct positive temperatures, the
probe marginals do not commute. The full Gibbs states
do. Now prepare independent probe—ancilla pairs, allow
the detector to access only the probes, and set p = 73,
o = 73,. Equation (12) requires extra variance in every
unbiased fully-PPT readout of A,. The task compares

two finite temperatures; it does not claim a collective gain
in local thermometric Fisher information.

For Fig. 2, we set fw = 3, fow = 6, and Q/w = 1/5.

To obtain the red curve’s product-readout variance Vprod,
choose a Pauli axis independently on each probe and
assign unbiased scores to their joint record. The scores
minimize variance for this specified POVM [54]; we have
not optimized over all product measurements. At each

coupling, the bounds and the feasible readout obey

Q217 1 S Q%lf 1 S bmom(A*; U®2> S Vprod- (19)
At the illustrative point g/w = 0.25, the spectral variance
is 20.0138, the PPT moment floor is 49.5198, and the
specified product readout has variance 195.8200. Hence
the unknown fully-PPT minimum lies between 49.5198
and 195.8200; at least 29.5060 is added to the intrinsic
variance. This receiver is one feasible upper bound, not
an optimized implementation. The Pearson surplus Qo —
2~ 6.56 x 10~ is small; the stronger moment floor uses
the full fixed operator. A score near 1022 has reference
probability 2.26 x 107°, so about 80% of 105-shot batches
miss that outcome. These are population calculations,
not a receiver validation or shot budget.

If the detector also receives each ancilla, the complete
Gibbs states commute; the accessible states and target
then change. This does not alter the restriction on reading
the original probe score. Supplemental Sec. S6 gives the
states and checks.

The examples compare complete driven-medium copies
with reduced probes from separable pairs. Both use inde-
pendent sources. Their accessible states do not commute,
so unrestricted joint readout beats the full PPT class,
including local protocols, in the measured-Pearson task.

Supplemental Sec. S7 maps the population calculations
to the code and explains the finite-shot limits.

Experimental use requires calibrating the operator iden-
tity A, = >, axE,, not just its two endpoint means. The
rare outcome makes finite-shot inference difficult. The
red curve is a population upper bound, not a sampling
budget. A sample variance below the green bound would
require uncertainty analysis; it would not overturn the
operator inequality. We report calculations without a
device demonstration.

Conclusions.— For product hypotheses, the fully-PPT
optimum factorizes and is attained by separate score
measurements. Noncommuting states still give a strict
unrestricted two-copy gain. Every unbiased fully-PPT
readout of the corresponding collective score adds vari-
ance; the stronger moment bound is necessary, and the
exact fixed-target minimum remains open. Dephasing can
erase the gain without changing work statistics. Reduced
equilibrium probes show it without a drive or entangled
source. With characterized inputs and calibrated proba-
bilities, a Pearson value above the product limit certifies
an NPT readout effect.
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